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To O(1/N) we derive, purely from CFT data, the bulk equations of motion
for interacting scalar fields and for scalars coupled to gauge fields and gravity.
We first uplift CFT operators to mimic local AdS fields by imposing bulk
microcausality. This requires adding an infinite tower of smeared higher-
dimension double-trace operators to the CFT definition of a bulk field, with
coefficients that we explicitly compute. By summing the contribution of the
higher-dimension operators we derive the equations of motion satisfied by
these uplifted CFT operators and show that we precisely recover the expected
bulk equations of motion. We exhibit the freedom in the CFT construction
which corresponds to bulk field redefinitions.
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1 Introduction and overview
The AdS/CFT correspondence [1] states that AdS quantum gravity is holo-
graphically encoded in the boundary CFT. To extract bulk properties we
must be able to decode the hologram, that is, we must be able to reconstruct
the bulk physics of interest from CFT data. A particularly straightforward
way to recover bulk physics is to express local fields in AdS in terms of
the CFT. This project has been pursued since the early days of AdS/CFT.
At first free scalar fields were considered [2, 3, 4, 5, 6, 7, 8], but later the
program was extended to include interactions [9, 10] and fields with spin
[11, 12, 13, 14, 15].
In the literature two approaches to constructing local bulk fields have
been discussed.
• One can solve the bulk equations of motion perturbatively, to determine
the radial profile of bulk fields in terms of boundary conditions that
match on to the CFT. This approach has the advantage that it more-
or-less manifestly reproduces perturbative effective field theory in the
bulk. The disadvantage of this approach is that it requires knowing the
bulk equations of motion.
• One can start from CFT correlators and attempt to lift them to define
correlation functions in the bulk, in a way which respects bulk locality.
This requires redefining the bulk field to include an infinite tower of
higher-dimension operators. The advantage of this approach is that
it requires very little input from the bulk.1 A disadvantage is that it
was not so clear this approach can be carried out explicitly, nor was it
obvious it will agree with bulk effective field theory.
The purpose of this paper is to show that the program of implementing bulk
locality can be carried out to O(1/N) for interacting scalar fields as well as
for scalars coupled to gauge fields and gravity. To this order in 1/N , that
is at the level of three-point functions, we show that it reproduces effective
1It relies on the map from CFT operators to free fields in the bulk, which can be under-
stood from representation theory [4]. Also for fields with spin it relies on understanding
the appropriate notion of bulk microcausality [14].
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field theory in the bulk (meaning it exactly agrees with the first approach)
and in fact lets us determine the bulk equations of motion starting from CFT
correlators. This extends our previous work by showing that the coefficients
of all higher-dimension operators can be explicitly determined, and that the
entire tower of higher-dimension operators can be re-summed to reproduce
the expected local physics in the bulk.
Let us summarize the approach to constructing bulk fields based on lo-
cality. For more details see [9, 13, 14]. Throughout this paper we consider
AdSd+1 / CFTd in Poincare´ coordinates, with metric
ds2 =
R2
z2
(−dt2 + |d~x|2 + dz2)
We’ll set the AdS radius of curvature R = 1. The boundary coordinates are
collectively denoted by xµ = (t, ~x), and the full set of AdS coordinates are
denoted XM = (xµ, z).
We assume the CFT has a matrix 1/N expansion. To leading order in
1/N , i.e. at the level of two-point functions, we can define a CFT operator
φi(x, z) whose two-point function will mimic the bulk two-point function by
setting
φi(x, z) =
∫
ddx′Ki(x, z|x′)Oi(x′). (1)
Here Oi is a primary scalar operator of dimension ∆i in the CFT, and the
smearing function Ki obeys a free wave equation in the bulk.(∇2 −m2i )Ki = 0 m2i = ∆i(∆i − d) (2)
At O(1/N) we need to take into account the CFT three-point function of
primary single-trace operators 〈Oi(x)Oj(y1)Ok(y2)〉. As above we’d like to
lift the first operator Oi(x) to behave like a local field in the bulk φi(x, z).
As a first attempt one could simply integrate the CFT correlator against the
appropriate smearing function Ki.
〈φi(x, z)Oj(y1)Ok(y2)〉 ?=
∫
ddx′Ki(x, z|x′)〈Oi(x′)Oj(y1)Ok(y2)〉 (3)
There is, of course, something odd about this construction. The smearing
function Ki obeys a free wave equation in the bulk. So it would appear we’ve
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constructed a free field in the bulk, even though the CFT has a non-trivial
3-point interaction.
To understand what’s gone wrong in (3) it’s useful to evaluate the smear-
ing integral explicitly. It’s convenient to work in terms of
χ =
[(x− y1)2 + z2][(x− y2)2 + z2]
(y1 − y2)2z2 (4)
which is an AdS-invariant cross-ratio depending on one bulk point and two
boundary points. Note that χ vanishes when the bulk point is light-like
separated from either of the boundary points and diverges when the two
boundary points are null separated. When all three points are spacelike
separated we have χ > 0.2
The smearing integral was evaluated in [9, 13], where it was found that
∫
ddx′Ki(x, z|x′)〈Oi(x′)Oj(y1)Ok(y2)〉 = 1
(y1 − y2)2∆j
[
z
z2 + (x− y2)2
]∆k−∆j
Iijk(χ)
(5)
The explicit form of the function Iijk(χ) is given below in (15). We find
that Iijk is singular at χ = 1 and in general has a cut for 0 < χ < 1. Now
we can see what’s wrong with the naive expression (5). The commutator〈
[φi,Oj]Ok
〉
is given by the discontinuity across the cut of Iijk.
3 Since χ = 1
corresponds to spacelike separation, this means the bulk field constructed in
(5) will not commute with boundary operators, even though they’re spacelike
separated. The naive expression (5) indeed produces a free field in the bulk,
however it’s a field which violates bulk locality.
To restore bulk locality, the idea presented in [9] and elaborated in [13, 14]
is to modify the definition of the bulk scalar field by adding a tower of smeared
higher-dimension primary scalar operators On. To O(1/N), the operatorsOn
2A helpful limit to keep in mind is y2 → spatial infinity, which sets χ = (x−y1)
2+z2
z2
. In
this limit note that χ = 1 corresponds to x and y1 being null separated on the boundary.
Away from this limit χ = 1 does not have such a simple geometric interpretation, although
it always corresponds to spacelike separation in the bulk.
3The bulk Wightman function 〈φi(x, z)Oj(y1)Ok(y2)〉 is defined with a t → t − iǫ
prescription, or equivalently χ → χ + iǫ sign(t − t1). Likewise 〈Oj(y1)φi(x, z)Ok(y2)〉 is
defined with t → t + iǫ, or χ → χ − iǫ sign(t − t1). Thus the commutator picks up the
discontinuity across the cut.
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will be double-trace operators built from a product of Oj and Ok with 2n
derivatives. These operators have non-trivial 3-point functions with Oj and
Ok, and by choosing their coefficients appropriately, it should be possible to
cancel the unwanted non-analyticity in the correlator. So the proposal was
that a local bulk field can be built by setting4
φi(x, z) =
∫
ddx′Ki(x, z|x′)Oi(x′) + 1
N
∑
n
aCFTn
∫
ddx′Kn(x, z|x′)On(x′)
(6)
where the coefficients aCFTn are chosen to give a 3-point correlator (computed
purely in the CFT) that is analytic for χ > 0.5
In this paper we will give some explicit examples of this construction. We
will show that all of the coefficients aCFTn can be explicitly determined by
requiring bulk locality, and that the resulting expression for a bulk field (6) in
fact obeys the expected bulk equation of motion. We also exhibit the freedom
in the CFT construction which corresponds to bulk field redefinitions. Since
the calculations which follow are rather lengthy, we provide here a brief
summary of our main results.
Interacting scalar fields
We treat a number of examples of interacting scalar fields explicitly. In
section 3 we start off with massless scalar fields in AdS2, corresponding to
operators with dimension ∆ = 1, and we go on to consider an operator of
dimension ∆ν interacting with two operators of dimension ∆j = ∆k = l.
These AdS2 results are extended to scalars in AdS3 and AdS4 in sections
6 and 7. In all cases we find that the coefficients of the higher-dimension
4The smearing functions Kn are constructed, just as in (2), to satisfy a free wave
equation in the bulk, (∇2 − m2n)Kn = 0 with m2n = ∆n(∆n − d). Note that Kn only
depends on the mass of the bulk field or equivalently the conformal dimension of the
boundary operator. The fact that the On are double-trace doesn’t affect the smearing
function.
5This procedure will restore locality with a specific pair of boundary operators Oj
and Ok. To O(1/N), to restore locality with all pairs simultaneously, one can simply
superimpose the towers of higher-dimension operators.
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operators are consistent with the general formula6
aCFTn cnjk =
λ
πd
(−1)n
Γ(∆j − d2)Γ(∆k − d2)
Γ(∆j + n)Γ(∆k + n)Γ(n+∆j +∆k − d2)
Γ(n+ 1)Γ(2n+∆j +∆k − d2)
× 1
∆n(∆n − d)−∆i(∆i − d) (7)
These coefficients construct a local scalar field (6) in the bulk. By re-summing
the tower of higher-dimension operators, in all cases we find that this field
obeys the equation of motion
(∇2 −∆(∆− d))φi(x, z) = λ
N
φjφk(x, z) (8)
where λ is determined by the 3-point coupling of the CFT. For completeness,
in appendix A we reproduce the coefficients (7) by solving the radial bulk
evolution equations perturbatively.
Scalar fields coupled to gauge fields
We study this in section 8, where we consider a charged scalar field corre-
sponding to an operator of dimension ∆. We show that the condition for
locality of this bulk scalar with a conserved current on the boundary can
be reduced to a scalar system with operators of dimension ∆, ∆ + 1, d− 1.
This lets us determine the necessary coefficients aCFTn and show that the bulk
scalar obeys the expected equation of motion in holographic gauge.
(∇2 −∆(∆− d))φ(x, z) = −2i q
N
gµνAµ∂νφ(x, z) (9)
Here to O(1/N) gµν is the inverse AdS metric and q is the charge of the
scalar field measured in units of 1/N .
Scalar fields coupled to gravity
In this case, as we show in section 9, the locality condition for a bulk scalar
6Here cnjk is the coefficient appearing in the CFT 3-point function 〈OnOjOk〉. Note
that since On is double-trace, one could use large-N factorization to compute cnjk in
terms of two-point functions. This means cnjk is O(1) at large N , unlike the coefficient
of a single-trace three-point function which is O(1/N). Explicit expressions for cnjk have
indeed been determined [16, 17], but rather than use these results we concentrate on
determining the combination aCFTn cnjk which is easier in practice and adequate for our
purposes.
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field can be reduced to that of a scalar system with operators of dimension
∆, ∆+2, d, for which we determine the coefficients in appendix D. We show
that the resulting bulk scalar obeys
(∇2 −∆(∆− d))φ(x, z) = κgµρgνσhµν∂ρ∂σφ(x, z) (10)
which is the expected equation of motion to order 1
N
in holographic gauge.
Here gµν is the inverse AdS metric, hµν is the metric perturbation and κ ∼
1/N is the gravitational coupling.
An outline of this paper is as follows. In section 2 we study the unwanted
non-analyticity in Iijk in more detail and set up the procedure for restoring
bulk locality. In section 3 we consider scalar fields in AdS2 and determine
the coefficients of the higher-dimension operators. In section 4 we show that
these coefficients imply the expected bulk equations of motion, and in section
5 we exhibit the freedom in the construction which corresponds to bulk field
redefinitions. In sections 6 and 7 we study scalar fields in AdS3 and AdS4,
respectively, and in sections 8 and 9 we consider scalar fields coupled to
gauge fields and gravity. Some supporting calculations are gathered in the
appendices.
2 A CFT procedure to restore locality
In this section we study the naive bulk-boundary correlator (5) in more detail
and set up the procedure for restoring locality proposed in [9].
For primary scalars of dimensions ∆i, ∆j, ∆k the three-point function is
determined by conformal invariance up to an overall coefficient.
〈Oi(xi)Oj(xj)Ok(xk)〉 = cijk|xi − xj |∆i+∆j−∆k |xi − xk|∆i+∆k−∆j |xj − xk|∆j+∆k−∆i
(11)
To compare results from the CFT to results from the bulk we need the
coefficient cijk. We can get this from known results in AdS/CFT. To avoid
notational confusion we denote the coefficient of the three-point function of
single trace operators at leading large N by γijk. Results from AdS/CFT for
6
a cubic coupling λ/N in the bulk give7 [18]
γijk = − λ
N
Γ[1
2
(∆i +∆j −∆k)]Γ[12(∆i −∆j +∆k)]Γ[12(∆k +∆j −∆i)]
2πdΓ(∆i − d2)Γ(∆j − d2)Γ(∆k − d2)
Γ[
1
2
(∆i+∆j+∆k−d)]
(12)
This result was obtained using Witten’s bulk-boundary propagator, and as a
result this coefficient does not match what one gets from the bulk by sending
z → 0 in 〈φi(x, z)OjOk〉 and looking at the z∆i behavior. Instead, as was
noted in [18, 19] and explained in [20, 21], what we get in this limit is
γ˜
(d)
ijk =
γijk
2∆i − d . (13)
The factor 2∆i− d, which could be absorbed into a wave-function renormal-
ization, accounts for the difference in normalization of the two prescriptions.
The integral of a smearing function against the CFT correlator (11) was
computed in [9, 13], where it was found that∫
ddx′Ki(x, z|x′)〈Oi(x′)Oj(y1)Ok(y2)〉 = 1
(y1 − y2)2∆j
[
z
z2 + (x− y2)2
]∆k−∆j
Iijk(χ)
(14)
Here Iijk is a function of the AdS-invariant distance (4), explicitly given by
Iijk(χ) = cijk
(
1
χ− 1
)∆∗
F
(
∆∗, ∆∗ − d
2
+ 1, ∆i − d
2
+ 1,
1
1− χ
)
(15)
Here ∆∗ = 12(∆i +∆j −∆k).8 One can use the transformation
F (α, β, γ, z) = (1− z)−αF (α, γ − β, γ, z
z − 1) (16)
to rewrite Iijk in the equivalent form
Iijk(χ) = cijk
(
1
χ
)∆∗
F
(
∆∗, ∆i −∆∗, ∆i − d
2
+ 1,
1
χ
)
(17)
Although the notation makes it somewhat obscure, at spacelike separation
the correlator (14) is invariant under the exchange of Oj(y1) with Ok(y2).
7The case of a different bulk coupling will be addressed section 5.
8This combination was denoted ∆0 in [13].
7
d Iijk
1 cijk
(
i
2
log
1 + i
√
χ− 1
1− i√χ− 1 +
π
2
)
2 cijk log
χ
χ− 1
3 3cijk
(
1√
χ− 1 −
i
2
log
1 + i
√
χ− 1
1− i√χ− 1 −
π
2
)
4 2cijk
(
1
χ− 1 − log
χ
χ− 1
)
Table 1: Iijk in some low-dimensional examples of AdSd+1 / CFTd. The
examples are for massless fields in the bulk, that is, for ∆i = ∆j = ∆k = d.
In the following discussion the factor
1
(y1 − y2)2∆j
[
z
z2 + (x− y2)2
]∆k−∆j
(18)
which is present in the correlator (14) will not play much of a role: it depends
on the location of the second (spectator) boundary operator, but it does not
care about the value of ∆i. We will restore this factor later, but for now we
concentrate on the function Iijk(χ). In general Iijk has singularities at χ = 0
and χ = 1 and a branch cut for 0 < χ < 1. A few examples, appropriate for
massless fields in the bulk, are shown in Table 1.
The behavior near χ = 1 was studied in section 4 of [13]. If d is an
odd integer (that is, in even AdS) it was found that generically Iijk has an
expansion about χ = 1 of the form
Iijk = (χ− 1)1− d2
∞∑
k=0
αk(χ− 1)k (19)
Due to the square root branch cut, this gives a non-zero commutator at
spacelike separation. If d is an even integer the expansion generically has the
form
d/2∑
k=0
βk(χ− 1)k+1− d2 + ln(χ− 1)
∞∑
k=0
γk(χ− 1)k (20)
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Again this results in a non-zero commutator at spacelike separation. There
are exceptions to these general rules, but they won’t matter for our purposes.9
Thus generically we find that (14) gives a non-zero commutator at spacelike
separation.
It is important to note that, as shown in (19) and (20), the form of
the expansion about χ = 1 only cares about the spacetime dimension d of
the CFT. In particular all information about the operator dimension ∆i is
hidden inside the expansion coefficients αk, βk, γk. This means that if we
have an infinite tower of operators On at our disposal, all of which have non-
trivial 3-point functions with Oj and Ok, to O(1/N) we can try to cancel
the unwanted non-analyticity by constructing a bulk field of the form
φi(x, z) =
∫
ddx′K∆i(x, z|x′)Oi(x′) +
1
N
∑
n
aCFTn
∫
ddx′K∆n(x, z|x′)On(x′)
(21)
We fix the coefficients aCFTn to cancel any unwanted non-analyticity at χ > 0.
In all dimensions there is a branch cut, but as can be seen in (20) in even
d ≥ 4 there are also poles at χ = 1 that must be canceled. We study this
in appendix B and show that cancellation of the cut automatically implies
cancellation of the poles. So for now we concentrate on the cut and study the
discontinuity in Iijk in more detail. The discontinuity of a hypergeometric
function across its cut is
F (α, β, γ, z + iǫ)− F (α, β, γ, z − iǫ) (22)
=
2πiΓ(γ)(z − 1)γ−α−β
Γ(α)Γ(β)Γ(1 + γ − α− β)F (γ − α, γ − β, 1 + γ − α− β, 1− z)
This allows us to determine the discontinuity across the unwanted cut of Iijk.
Dropping a factor 2πi it is given by
I ijkdiscont =
cijk
(1− χ) d2−1
Γ(∆i − d2 + 1)
Γ(∆∗)Γ(∆i −∆∗)Γ(2− d2)
F
(
∆∗−d
2
+1, 1+∆∗−∆i, 2−d
2
, 1−χ )
(23)
For even d ≥ 4 one must further use
lim
γ→−n
F (α, β, γ, z)
Γ(γ)
=
(α)n+1(β)n+1
(n+ 1)!
zn+1F (α+n+1, β+n+1, n+2, z) (24)
9In particular if ∆∗ or ∆i −∆∗ is a non-positive integer the hypergeometric series in
(17) terminates and Iijk is analytic about χ = 1. But in these cases (12) diverges and the
bulk interaction vertex is subtle. For further discussion see [22].
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The basic condition to cancel the unwanted branch cut is then10
I∆idiscont = −
1
N
∑
n
aCFTn I
∆n
discont (25)
In the rest of this paper we solve this equation in numerous examples and
use the results to derive the bulk equations of motion.
3 CFT computation in d = 1
We start with the simplest example of a massless scalar field in AdS2, dual
to a primary scalar field which has a non-trivial 3-point function with itself
and whose dimension ∆ = 1. Equation (23) gives the discontinuity that we
wish to cancel as
I1discont = γ˜
(d=1)
111
(1− χ) 12
Γ(3
2
)
Γ(3
2
)
Γ2(1
2
)
F (1,
1
2
,
3
2
, 1− χ) (26)
For this case equation (13) gives γ˜
(d=1)
111 = − λ2piN .
It’s convenient to work in terms of Legendre functions Qν(x), Pν(x).
These can be represented by
Qν(x) = −
√
π sin(νpi
2
)Γ(ν+1
2
)
2Γ(ν
2
+ 1)
F (
ν + 1
2
,
−ν
2
,
1
2
, x2)
+
√
π cos(νpi
2
)Γ(ν
2
+ 1)
Γ(ν+1
2
)
xF (
ν
2
+ 1,
1− ν
2
,
3
2
, x2)
Pν(x) =
cos(νpi
2
)Γ(ν+1
2
)√
πΓ(ν
2
+ 1)
F (
ν + 1
2
,
−ν
2
,
1
2
, x2)
+
2 sin(νpi
2
)Γ(ν
2
+ 1)√
πΓ(ν+1
2
)
xF (
ν
2
+ 1,
1− ν
2
,
3
2
, x2) (27)
Here the Legendre function Qν(x) is defined to have branch cuts along
(−∞,−1) ∪ (1,∞), for example Q0(x) = 12 log 1+x1−x . From these expressions
we identify
I1discont = −
λ
2π2N
Q0(
√
1− χ) (28)
10We dropped the jk indices to avoid later clutter.
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On the other hand the double-trace operators we can make from two opera-
tors of dimension one and 2n derivatives have dimensions ∆n = 2n+2, which
give according to (23) a discontinuity of the form
I2+2ndiscont = cn11
(1− χ)1/2
Γ(3/2)
Γ(2n+ 21
2
)
Γ2(n+ 1)
F (n+
3
2
,−n, 3
2
, 1− χ) (29)
or equivalently
I2+2ndiscont = (−1)ncn11
Γ(2n+ 5
2
)
Γ(n+ 3
2
)Γ(n+ 1)
P2n+1(
√
1− χ) (30)
So we need to find a way to write Q0(x) as a sum of Legendre polynomials
with odd index. Using the integrals∫ 1
−1
Pm(x)Pn(x) = δnm
2
2n+ 1∫ 1
−1
Pm(x)Qν(x) =
1− cosπ(ν −m)
(m− ν)(m+ ν + 1) (31)∫ 1
−1
Pm(x)Pν(x) = −2
π
sin π(ν −m)
(m− ν)(m+ ν + 1)
we see that we can write
Q0(x) =
∞∑
k=0
4k + 3
(2k + 1)(2k + 2)
P2k+1(x) (32)
This means the unwanted non-analyticity in the correlator can indeed be
canceled by redefining the bulk field as in (21), namely
φ(x, z) =
∫
dx′K1(x, z|x′)O(x′) + 1
N
∑
n
aCFTn
∫
dx′K∆n(x, z|x′)On(x′)
(33)
The coefficients aCFTn should be chosen to satisfy the cancellation condition
(25), which given (32) means that we can set
aCFTn cn11 =
λ(−1)nΓ(n+ 3
2
)Γ(n+ 1)
π2(2n+ 1)(2n+ 2)Γ(2n+ 3
2
)
(34)
Since in this case ∆i = ∆j = ∆k = 1 and ∆n = 2n + 2, this agrees with the
general form (7).
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3.1 Generalization
We now generalize to the case of a primary operator of dimension ∆ν (which
is not necessarily an integer) and two primary operators of dimension one
(so ∆j = ∆k = 1). In AdS2 it is convenient to set ∆ν = ν + 1, since ν will
become the order of a Legendre function.
We wish to uplift the operator of dimension ∆ν to a bulk field. From (23)
the discontinuity in the 3-point function of operators of dimensions ∆ν and
∆j = ∆k = 1 is
I∆νdiscont = γ˜
(d=1)
∆ν11
(1− χ)1/2 2Γ(ν +
3
2
)√
πΓ2(ν+1
2
)
F (
ν + 2
2
,
1− ν
2
,
3
2
, 1− χ) (35)
with γ˜
(d=1)
∆ν11
given by (13) to be
γ˜
(d=1)
∆ν11
= − λ
4πN
Γ2(ν+1
2
)Γ(1−ν
2
)
Γ(ν + 3
2
)Γ2(1
2
)
Γ(
ν
2
+ 1) = − λ
4πN
Γ(ν+1
2
)Γ(ν
2
+ 1)
Γ(ν + 3
2
) cos piν
2
(36)
Equation (35) can be written using (27) as
γ˜
(d=1)
∆ν11
2Γ(ν + 3
2
)
πΓ(ν+1
2
)Γ(ν
2
+ 1)
fν(
√
1− χ) (37)
where
fν(x) =
π
2
sin(
πν
2
)Pν(x) + cos(
πν
2
)Qν(x) (38)
The higher-dimension double-trace operators we can add are the same as
before, so they give rise to the same discontinuity (30). So we need to find a
way of writing fν as a sum of Legendre polynomial of odd order. Using (31)
we have ∫ 1
−1
Pm(x)fν(x) =
{
2 cos(piν
2
)
(m−ν)(m+µ+1) m odd
0 m even
(39)
so we can write
fν(x) = cos(
πν
2
)
∞∑
k=0
4k + 3
(2k + 1− ν)(2k + 2 + ν)P2k+1(x) . (40)
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To cancel the commutator at bulk spacelike separation we need to satisfy
(25), which means
aCFTn cn =
λ
π2
Γ(n+ 3
2
)Γ(n+ 1)
Γ(2n+ 3
2
)
(−1)n
(2n+ ν + 1)(2n+ 2 + ν)
(41)
Note that since ∆n = 2 + 2n we have
1
(2n+ ν + 1)(2n+ 2 + ν)
=
1
∆n(∆n − 1)−∆ν(∆ν − 1) (42)
This means (41) again agrees with the general result (7).
3.2 Further generalization
We now treat the case where we have an operator of dimension ∆ν = ν + 1
which has a non-trivial 3-point function with two operators of dimension
∆j = ∆k = l ∈ N. We want to promote the operator of dimension ∆ν to a
local bulk field.
Note that the value of ∆∗ = ∆ν/2 does not depend on l, so the discontinu-
ity in the initial 3-point function is simply given by (37) with the replacement
γ˜
(d=1)
∆ν11
→ γ˜(d=1)∆ν ll . However in this case the double-trace operators we can build
have dimension ∆n = 2l + 2n and will produce discontinuities involving the
Legendre polynomials P2n+2l−1(x). This means that in attempting to write
a formula like (40) we do not have all the required Legendre polynomials.
We can nevertheless proceed as follows. The Legendre functions Pν(x) and
Qν(x) both obey the differential equation
Lµgν =
[
− d
dx
(1− x2) d
dx
− µ(µ+ 1)
]
gν = [ν(ν + 1)− µ(µ+ 1)]gν (43)
Thus we can act with
∏l−1
i=1 L2i−1 on both sides of (40) to eliminate terms on
the right hand side involving Pm for m < 2l − 1. On the left hand side we
just get a multiplicative factor of
hν,l =
l−1∏
i=1
(ν(ν + 1)− (2i− 1)2i) = (−1)l−14l−1Γ(
ν
2
+ l)Γ(l − ν
2
+ 1
2
)
Γ(ν
2
+ 1)Γ(1
2
− ν
2
)
(44)
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Thus we get a modified version of (40) which is suitable for our purposes.
fν(x) =
1
hν,l
cos(
πν
2
)
∞∑
k=l−1
(4k + 3)
∏l−1
i=1[(2k + 1)(2k + 2)− 2i(2i− 1)]
(2k + 1− ν)(2k + 2 + ν) P2k+1(x)
(45)
This should be regarded as a formal expression rather than as a convergent
sum (we will encounter several such formal expressions as we go along). But
this formal expression will enable us to compute the aCFTn coefficients which
are necessary to describe local fields in the bulk. To simplify this expression
note that the product can be evaluated by
l−1∏
i=1
[
(2k + 1)(2k + 2)− 2i(2i− 1)]
=
l−1∏
i=1
(2k − 2i+ 2)(2k + 2i+ 1)
= 4l−1
Γ(n + l)Γ(n+ 2l − 1
2
)
Γ(n + 1)Γ(n+ l + 1
2
)
(46)
where in the last line we set k = n+ l − 1. It’s also helpful to note that
(2k + 1− ν)(2k + 2 + ν) = ∆n(∆n − 1)−∆ν(∆ν − 1) (47)
Now the discontinuity coming from a double-trace operator of dimension
∆n = 2n+ 2l is
I2n+2ldiscont = cnll(−1)n+l+1
Γ(2n+ 2l + 1
2
)
Γ(n+ l)Γ(n + l + 1
2
)
P2n+2l−1(
√
1− χ) (48)
So the condition for the discontinuities to cancel (25) gives
aCFTn cnll = −Nγ˜(d=1)∆ν ll
4
π
cos(piν
2
)Γ(ν + 3
2
)Γ(1
2
− ν
2
)
Γ(ν
2
+ l)Γ(ν+1
2
)Γ(l − ν
2
− 1
2
)
× (49)
(−1)nΓ2(n+ l)Γ(n + 2l − 1
2
)
Γ(n + 1)Γ(2n+ 2l − 1
2
)
1
(2n+ 2l)(2n+ 2l − 1)− (∆ν − 1)∆ν
From (13) we have
γ˜
(d=1)
∆ν ll
= − λ
4πN
Γ2(ν+1
2
)Γ(l − ν
2
− 1
2
)Γ(ν
2
+ l)
Γ(ν + 3
2
)Γ2(l − 1
2
)
(50)
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So putting it all together, and using Γ(1
2
+ x)Γ(1
2
− x) = pi
cos pix
, this again
agrees with the general result (7).
3.3 Odd ν
The formulas in the previous subsection are valid as long as ν is not odd, so we
treat this case separately. This case is also interesting since it exhibits some
aspects that were a bit hidden before. We illustrate this for ∆ν = ν + 1 = 2
and ∆j = ∆k = l = 2.
We start with a three-point function of operators of dimension two, so
the discontinuity we want to cancel is
γ˜
(d=1)
222
3
2
P1(
√
1− χ) (51)
where
γ˜
(d=1)
222 = −
λ
4πNΓ2(3
2
)
. (52)
The higher-dimension operators we have at our disposal are of dimension
∆n = 4 + 2n and give rise to a discontinuity
cn22(−1)n+1
Γ(2n+ 9
2
)
Γ(n+ 2)Γ(n+ 5
2
)
P2n+3(
√
1− χ) (53)
So we need to write P1(x) as an infinite sum of P2n+3(x). This does not seem
possible, but let us proceed formally. We start with (32) and act with L0 on
both sides to obtain ∞∑
k=0
(4k + 3)P2k+1(x) = 0 (54)
(another formal expression!). From this we can write
γ˜
(d=1)
222
3
2
P1(
√
1− χ) = −1
2
γ˜
(d=1)
222
∞∑
k=1
(4k + 3)P2k+1(x) (55)
Using this to cancel the discontinuity as in (25), we find (setting k = n+ 1)
aCFTn cn22 = λ(−1)n
Γ(n + 2)Γ(n+ 21
2
)
4πΓ2(3
2
)Γ(2n+ 31
2
)
(56)
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Using (2n+ 4)(2n+ 3)− 2 = 4(n+ 1)(n+ 5
2
) we can write this as
aCFTn cn22 = λ(−1)n
Γ2(n + 2)Γ(n+ 31
2
)
πΓ2(3
2
)Γ(n + 1)Γ(2n+ 31
2
)
1
(2n+ 4)(2n+ 3)− 2 (57)
which again matches the general result (7).
4 Recovering bulk equations of motion
In the previous section we showed that to O(1/N) we could build a local field
in the bulk by adding an infinite tower of smeared double-trace operators to
the CFT definition a bulk field. We chose the coefficients of these double-
trace operators so that, by construction, we obtained a field which respects
bulk locality. However the resulting representation (6) is not how one usually
thinks of a field in AdS, so we’d like to understand how our construction is
related to the standard ideas of bulk effective field theory. Here we address
this by showing that the bulk field we have built up obeys an equation of
motion, which in fact is nothing but the usual Heisenberg equation of motion
in the bulk. This means the requirement of bulk locality is sufficient to derive
the bulk equations of motion from CFT correlators, not only in principle, but
in practice.
First remember that a local bulk field can be expressed in terms of the
CFT as
φ(x, z) =
∫
ddx′K∆(x, z|x′)O(x′) + 1
N
∑
n
aCFTn
∫
ddx′K∆n(x, z|x′)On(x′)
(58)
To read off the bulk equations of motion we act with ∇2 −∆(∆− d) to get
(∇2−∆(∆−d))φ(x, z) = 1
N
∑
n
aCFTn
[
(∆n(∆n−d)−∆(∆−d)
] ∫
ddx′K∆n(x, z|x′)On(x′)
(59)
This is fine, of course, but on the right hand side of this expression we
have an infinite sum of smeared CFT operators. How do we identify what
this means in bulk terms? The approach we will take is to insert the right
hand side of (59) in a CFT correlator and use the result to figure out the
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bulk interpretation. In fact we will put the right hand side of (59) into
a correlator with Oj(y1) and Ok(y2). This approach is particularly useful
because the correlator only depends on the combination aCFTn cnjk, which is
exactly the combination we computed in the previous section.
As we will see shortly the following result is very useful. Since we only
need to study the operator on the right hand side of (59) at leading large N ,
we can use large-N factorization to obtain11
〈φ(0)j φ(0)k (x, z)Oj(y1)Ok(y2)〉 = 〈φ(0)j (x, z)Oj(y1)〉〈φ(0)k (x, z)Ok(y2)〉
= djk
(
z
(x− y1)2 + z2
)∆j ( z
(x− y2)2 + z2
)∆k
(60)
where
djk =
1
πd
Γ(∆j)Γ(∆k)
Γ(∆j − d2)Γ(∆k − d2)
(61)
Recall that the 3-point function of any of the smeared On can be obtained
from (14), (15). Assuming d is odd12 we find it useful to rewrite the result
using the identity
F (a, b, c, z) = (−z)−aΓ(c)Γ(b− a)
Γ(c− a)Γ(b)F (a, a− c+ 1, a− b+ 1,
1
z
)
+(−z)−bΓ(c)Γ(a− b)
Γ(c− b)Γ(a)F (b, b− c+ 1, b− a+ 1,
1
z
) (62)
Applying this to the χ-dependent terms in (15) one gets
Γ(∆i − d2 + 1)Γ(1− d2)
Γ(∆i −∆∗ − d2 + 1)Γ(∆∗ − d2 + 1)
F (∆∗, d
2
+ ∆∗ −∆i, d
2
, 1− χ) (63)
+
1
(χ− 1) d2−1
Γ(∆i − d2 + 1)Γ(d2 − 1)
Γ(∆∗)Γ(∆i −∆∗) F (∆∗ −
d
2
+ 1, 1 + ∆∗ −∆i, 2− d
2
, 1− χ)
Note that the first term is analytic about χ = 1. The second term is singular
at χ = 1 and in odd d has a branch cut for χ ∈ (0, 1). (In fact, up to
11The superscript (0) means that φ(0) is a free field, obtained by zeroth order smearing
of the CFT operator. The same notation appears in appendix A.
12For an even dimensional example see section 6.2.
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a numerical factor, the second term is exactly the discontinuity shown in
(23).) But the left hand side of (59) is constructed to have correlators which
are analytic at spacelike separation. So the right hand side must also be
analytic, which means the second term in (63) will not contribute after the
sum over n is carried out. Thus to determine the equation of motion, we
only need to sum the contribution of the first term in (63).
For simplicity we consider the case ∆j = ∆k = l (a different case is
treated in appendix C). The terms in (14) that contribute to the sum are
cnll
1
(y1 − y2)2∆j
Γ(∆n − d2 + 1)Γ(1− d2)
Γ2(∆n−d
2
+ 1)
F (
∆n
2
,−∆n
2
+
d
2
,
d
2
, 1− χ) (64)
where ∆n = 2n + 2l. In this section we consider some examples for d = 1.
Similar examples for d = 2 and d = 3 can be found in sections 6 and 7. First
we use (27) to write
F (
∆n
2
,−∆n
2
+
1
2
,
1
2
, 1− χ) = (−1)
n+∆2Γ(∆n
2
+ 1
2
)√
πΓ(∆n
2
)
Q∆n−1(
√
1− χ) (65)
Next recall our result (49) for aCFTn cnjk. Since ∆j = ∆k = l and ∆n = 2l+2n
we have
[M2n −∆ν(∆ν − d)]aCFTn cnll =
λ
πΓ2(l − 1
2
)
(−1)nΓ2(n+ l)Γ(n + 2l − 1
2
)
Γ(n + 1)Γ(2n+ 2l − 1
2
)
(66)
where M2n = ∆n(∆n − d).
Now let’s evaluate the right hand side of (59). First we consider the case
l = 1 . This means ∆n = 2n+ 2, so we need to sum
− λ
π2
1
(y1 − y2)2
∞∑
n=0
(4n+ 3)Q2n+1(
√
1− χ) (67)
From the known sums [23]
∞∑
k=0
(±1)k(2k + 1)Qk(x) = 1
x∓ 1 (68)
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we can get a sum over odd-order Legendre functions
∞∑
n=0
(4n+ 3)Q2n+1(x) =
1
x2 − 1 (69)
Thus we find that
− λ
π2
1
(y1 − y2)2
∑
n
(4n+ 3)Q2n+1(
√
1− χ)
=
λ
π2
(
z
(x− y1)2 + z2
)(
z
(x− y2)2 + z2
)
(70)
According to (60) and (61) this is just
λ〈φ(0)j φ(0)k (x, z)O(y1)O(y2)〉. (71)
Thus we can identify
∑
n
aCFTn [(∆n(∆n−d)−∆(∆−d)]
∫
ddx′K∆n(x, z|x′)On(x′) = λφ(0)j φ(0)k (x, z)
(72)
Next we consider the case of general integer l. According to (64), (65),
(66) we need to do the sum
∞∑
n=0
λ
(y1 − y2)2l
(−1)l(4n+ 4l − 1)
πΓ2(l − 1
2
)
Γ(n+ l)Γ(n+ 2l − 1
2
)
Γ(n+ 1)Γ(n+ l + 1
2
)
Q2n+2l−1(
√
1− χ)
(73)
Note that
L2l−3 · · ·L1
∞∑
k=0
(4k + 3)Q2k+1(x)
= 4l−1
∞∑
n=0
Γ(n+ l)Γ(n + 2l − 1
2
)
Γ(n + 1)Γ(n+ l + 1
2
)
(4n+ 4l − 1)Q2n+2l−1(x)
Also using
L2i−3
1
(1− x2)i−1 = −
4(i− 1)2
(1− x2)i (74)
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we get
L2l−3 · · ·L1 1
x2 − 1 = 4
l−1Γ
2(l)(−1)l
(1− x2)l (75)
Using this and (69) we can do the sum (73) and find it to be
λ
(y1 − y2)2l
Γ2(l)
πΓ2(l − 1
2
)
1
χl
=
λΓ2(l)
πΓ2(l − 1
2
)
(
z
(x− y1)2 + z2
)l(
z
(x− y2)2 + z2
)l
(76)
According to (60) and (61), we again find that (72) is satisfied. This means
the bulk field we have defined in the CFT, which was constructed to satisfy
bulk locality, in fact to O(1/N) obeys the equation of motion
(∇2 −m2)φi(x, z) = λ
N
φ
(0)
j φ
(0)
k (x, z) (77)
Thus our bulk field has a local cubic coupling, which is the only interaction we
could hope to see at this order in 1
N
. One might ask why we found a simple
φ3 coupling, instead of a more complicated coupling involving derivatives.
We address this in the next section.
5 Field redefinitions
In the previous section, when we summed the contribution of the higher-
dimension operators to obtain the bulk equations of motion, we always found
a simple φ3 interaction in the bulk. This may strike the reader as somewhat
surprising. Why did we find a φ3 interaction, instead of some more compli-
cated cubic vertex involving derivatives? To sharpen the puzzle, note that the
CFT three-point function is determined up to an overall coefficient by con-
formal invariance. So aside from an overall coupling constant, to O(1/N) the
CFT doesn’t seem to know what type of cubic interaction vertex is present
in the bulk. But if the CFT doesn’t know about bulk interactions, how could
we hope to recover bulk equations of motion from CFT correlators?
To resolve these questions it’s important to note that certain ambiguities
are present in the construction on both the CFT and bulk sides.
20
• On the CFT side we uplifted CFT operators to mimic local bulk fields
by requiring microcausality, that is, by requiring that correlators be an-
alytic at spacelike separation. But this uplift procedure is ambiguous,
because we are always free to add something to the CFT definition of a
bulk observable which doesn’t spoil analyticity at spacelike separation.
• From the bulk perspective, the definition of a bulk field is ambiguous
because we are always free to make local field redefinitions in the bulk.
It’s easy to see that these two ambiguities are equivalent to each other.
• On the CFT side we can indeed modify the definition of a bulk field
by adding something which has analytic correlators at spacelike sepa-
ration. But such a modification by definition respects locality, i.e. it’s
a local field redefinition in the bulk.
• On the bulk side we are always free to make local field redefinitions. But
this changes the definition of a bulk field in a way that respects locality,
i.e. the modification has correlators which are analytic at spacelike
separation.
We believe this ambiguity is sufficient to resolve the puzzles raised at
the start of this section: to O(1/N), any cubic vertex in the bulk can be
put in the form of a simple φ3 interaction by a field redefinition. In the
rest of this section we study a few examples in more detail, to gain a better
understanding of the ambiguity and its origins and implications on both the
CFT and bulk sides.
5.1 A bulk field redefinition
Consider a bulk theory that has three scalar fields with a derivative coupling
λ
N
φ1∂Mφ2∂
Mφ3 and an equation of motion
(∇2 −m21) φ1 = λN ∂Mφ2∂Mφ3 (78)
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With a superscript (0) denoting a free field,13 note that
∇2
(
φ
(0)
2 φ
(0)
3
)
=
(
m22 +m
2
3
)
φ
(0)
2 φ
(0)
3 + 2∂Mφ
(0)
2 ∂
Mφ
(0)
3 (79)
This means that if we redefine the bulk field
φ˜1 = φ1 − λ
2N
φ2φ3 (80)
the new field will obey the equation of motion(∇2 −m21) φ˜1 = λ2N (m21 −m22 −m23)φ2φ3 +O(λ2/N2) (81)
This shows that, to O(1/N), the derivative coupling we started from can be
turned into a simple φ3 coupling by a field redefinition. We believe this is
true for any bulk interaction that gives rise to a cubic coupling: to O(1/N)
it is related to a φ3 coupling by a field redefinition.14 This explains why
we were always able to interpret the equations of motion we derived from
the CFT as corresponding to a φ3 coupling in the bulk. It also means that
the derivative coupling theory induces a boundary 3-point function which is
1
2
(m21−m22−m23) times larger than the regular cubic theory. This result was
noted in [18].
It’s clear that field redefinitions will change the bulk equations of motion.
It’s interesting to ask how field redefinitions look when we think of bulk
fields, not in terms of equations of motion, but rather in terms of a sum over
higher-dimension operators as in (6). Suppose we represent
φ˜i(x, z) =
∫
ddx′Ki(x, z|x′)Oi(x′) + 1
N
∑
n
a˜CFTn
∫
ddx′Kn(x, z|x′)On(x′)
(82)
where the coefficients a˜CFTn are chosen to make φ˜ local in the bulk. The
product φ2φ3 is a local scalar in the bulk, so as discussed in appendix A,
to O(1/N) it must be possible to write it as a sum of smeared primary
double-trace operators.
φ
(0)
2 φ
(0)
3 (x, z) =
∑
n
bn
∫
ddx′K∆n(x, z|x′)On(x′) (83)
13From the bulk point of view this means zeroth order in perturbation theory. Such a
field can be constructed in the CFT using the lowest-order smearing relation (201).
14Generically these interactions could be distinguished at O(1/N2), that is, at the level
of 4-point functions.
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This is identical to the representation used in (205). From (80) this means
the original scalar field φ1, which is derivatively coupled to φ2 and φ3, has a
representation involving a sum of higher-dimension operators just as in (82),
but with coefficients that are given by
an = a˜n +
λ
2
bn (84)
The correction λ
2
bn is such that, after summing against an infinite tower of
higher-dimension operators, it produces λ
2N
φ
(0)
2 φ
(0)
3 which to O(1/N) has an-
alytic correlators at spacelike separation. The correction therefore represents
an ambiguity in our prescription for recovering bulk physics from the CFT.
5.2 A CFT ambiguity
It’s clear that our prescription for building up bulk fields by requiring mi-
crocausality is ambiguous, because we’re always free to add operators which
have analytic correlators at spacelike separation. But one could ask where
this freedom manifests itself in the procedure we followed, of summing the
analytic parts of correlators to derive bulk equations of motion.
In fact there is a natural place where such ambiguities arise from the CFT
point of view. We have been using equations such as (40) and (45) to get
a formula for the coefficients aCFTn cnjk. Formally these equations cannot be
unique. The reason is as follows. In the previous two subsections we have
been using the property that all the functions which appear are eigenfunctions
of the same differential operator L0, just with different eigenvalues. So for
example acting with L0 on (40) gives, at least formally, a different summation
formula.
fν(x) =
cos(piν
2
)
ν(ν + 1)
∑
k
(4k + 3)(2k + 1)(2k + 2)
(2k + 1− ν)(2k + 2 + ν)P2k+1(x) (85)
Use of this formula will give different results for the coefficients aCFTn . While
the new coefficients will still cancel the non-analytic parts of the correlator
they give a different summation leading to different equations of motion.
As an example take d = 1 where we saw that the order of the Legendre
function is ∆n−1, where ∆n is the dimension of the operator which is smeared
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into the bulk. Acting with L0 gives
L0P∆n−1 = (∆n − 1)∆nP∆i−1 =M2nP∆i−1 (86)
This means the difference between the coefficients coming from the use of
(40) and the coefficients coming from the modified summation formula (85)
is
amodn =
M2n
m2ν
an (87)
Putting this into the sum defining the bulk field one gets
∞∑
n=0
M2n
m2ν
an
∫
K∆nOn =
∞∑
n=0
an
∫
K∆nOn +
1
m2ν
∞∑
n=0
(M2n −m2ν)an
∫
K∆nOn
(88)
From the equation of motion (77) it follows that (M2n −m2ν)an = λbn. So we
have amodn = an +
λ
m2ν
bn, or in other words
φmodν (x, z) = φν(x, z) +
λ
Nm2ν
φ0jφ
0
k(x, z) (89)
This is just a local field redefinition.
Another option is to act with some Li on (40) to eliminate one of the
higher-dimension operators from the sum. For example suppose we eliminate
the operator which corresponds to a field of mass squaredM2i . Then one gets
a modified definition of the bulk operator
∞∑
n 6=i
M2n −M2i
m2ν −M2i
an
∫
K∆nOn =
∞∑
n=0
an
∫
K∆nOn+
1
m2ν −M2i
∞∑
n=0
(M2n−m2ν)an
∫
K∆nOn
(90)
So amodn = an +
λ
m2ν−M2i
bn. This corresponds to a local field redefinition
φmodν (x, z) = φν(x, z) +
λ
N
1
m2ν −M2i
φ0jφ
0
k(x, z) (91)
6 CFT computation in d = 2
In this section we consider interacting scalar fields in AdS3. We start from
the CFT 3-point function of a scalar operator of dimension ∆ν (which we
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will promote to a bulk field) and two operators of dimension ∆j = ∆k = l.
The discontinuity is given by (23) to be
I∆νdiscont = γ˜
(d=2)
∆ν ll
Γ(∆ν)
Γ2(∆ν
2
)
F (
∆ν
2
, 1− ∆ν
2
, 1, 1− χ) (92)
Using F (ν + 1,−ν, 1, 1− χ) = Pν(2χ− 1) we get
I∆νdiscont = γ˜
(d=2)
∆νll
Γ(∆ν)
Γ2(∆ν
2
)
P∆ν
2
−1(2χ− 1) (93)
For a double-trace operator of dimension 2l + 2n we get the discontinuity
I2n+2ldiscont = cnll
Γ(2n+ 2l)
Γ2(n+ l)
Pn+l−1(2χ− 1) (94)
So we need to write P∆ν
2
−1(x) as a sum of Legendre polynomials. This could
be done by
P∆ν
2
−1(x) =
4
π
sin(π∆ν/2)
∞∑
k=0
(−1)k 2k + 1
(2k −∆ν + 2)(2k +∆ν)Pk(x) (95)
But in (94) we only have available Legendre polynomials for k ≥ l− 1, so we
want to use something like (95) but without the first l−1 terms. This seems
impossible, but can be achieved by acting with the operator (see (43))
l−2∏
i=0
Li (96)
on both sides of (95). This gives the formal expression
P∆ν
2
−1(x) =
4
c2,ν,l
sin(π∆ν/2)
π
∞∑
k=l−1
(−1)k (2k + 1)
∏l−2
i=0[k(k + 1)− i(i+ 1)]
(2k −∆ν + 2)(2k +∆ν) Pk(x)
(97)
where
c2,ν,l =
l−2∏
i=0
[(
∆ν
2
− 1)(∆ν
2
)− i(i+1)] = (−1)l−1Γ(l −
∆ν
2
)Γ(∆ν
2
+ l − 1)
Γ(1− ∆ν
2
)Γ(∆ν
2
)
(98)
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Also the product in (97) can be evaluated as
l−2∏
i=0
[k(k + 1)− i(i+ 1)] = Γ(k + l)
Γ(k − l + 2) (99)
We can now compute the coefficients we need for bulk locality. Setting k =
n+ l and using ∆n = 2n+ 2l we have
(2n+ 2l −∆ν)(2n+ 2l +∆ν − 2) = ∆n(∆n − 2)−∆ν(∆ν − 2) (100)
The condition for canceling the discontinuity (25) gives
aCFTn cnll = −Nγ˜(d=2)∆ν ll
4Γ(∆ν)
Γ2(∆ν
2
)Γ(l − ∆ν
2
)Γ(l + ∆ν
2
− 1)
× Γ
2(n+ l)Γ(n + 2l − 1)
Γ(n+ 1)Γ(2n+ 2l − 1)
(−1)n
∆n(∆n − 2)−∆ν(∆ν − 2) (101)
Now from (13)
γ˜
(d=2)
∆νll
= − λ
4π2N
Γ2(∆ν
2
)Γ(l − ∆ν
2
)Γ(l + ∆ν
2
− 1)
Γ(∆ν)Γ2(l − 1) (102)
Putting this together, again we find agreement with the general result (7).
6.1 Even ∆ν
The preceding formulas do not apply when ∆ν is even, so we work out an
explicit example to illustrate this case. We consider ∆ν = ∆j = ∆k = 2
which describes a massless scalar field in AdS3.
The discontinuity we need to cancel is given by
I2discont = γ˜
(d=2)
222 P0(2χ− 1) (103)
with γ˜
(d=2)
222 = − λ4Npi2 . The double-trace operators we have available have
dimensions ∆n = 2n+4, and their contribution to the discontinuity is given
by
I2n+4discont = cn22
Γ(2n+ 4)
Γ2(n+ 2)
Pn+1(2χ− 1) (104)
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To obtain an identity that will let us cancel the discontinuities we start
with (95) and act on both sides with the operator L0. This gives the formal
expression
π∆ν
2
(∆ν
2
− 1)
sin π(∆ν
2
)
P∆ν
2
−1(x) = 4
∞∑
k=0
(−1)k k(k + 1)(2k + 1)
(2k −∆ν + 2)(2k +∆ν)Pk(x) (105)
Now we send ∆ν → 2 on both sides to obtain
P0(x) = −
∞∑
k=1
(−1)k(2k + 1)Pk(x) (106)
This means (25) can be solved by taking the coefficients to be
aCFTn cn22 =
λ
4π2
(−1)nΓ
2(n+ 2)
Γ(2n+ 3)
(107)
Using (2n+ 4)(2n+ 2)− 2 = 4(n+ 1)(n+ 2), we get
aCFTn cn22 = λ
(−1)n
π2
Γ2(n + 2)Γ(n+ 3)
Γ(n + 1)Γ(2n+ 3)
1
(2n+ 4)(2n+ 2)− 2 (108)
which again agrees with the general result (7).
6.2 Equations of motion
Now let’s study the equation of motion (59) that our local bulk field satisfies.
The basic strategy is the same as in section 4, except that in even dimensions
we cannot use (63), so we will have to proceed by a slightly different route.
For the case ∆j = ∆k the double-trace operators we can construct have
dimension ∆n = 2∆j + 2n. From (14) the 3-point function of a smeared On
with Oj and Ok is
cnjk
(y1 − y2)2∆j
1
(χ− 1)∆∗F (∆∗,∆∗, 2∆∗,
1
1− χ) (109)
Here ∆∗ = ∆n/2. We now use a hypergeometric identity
F (a, b, 2b, z) =
(
1− z
2
)−a
F
(a
2
,
a+ 1
2
, b+
1
2
, (
z
2− z )
2
)
(110)
27
followed by the transformation (62). We have to be a little careful with what
branch we are on so in the second transformation we introduce a small ±iǫ
term. Then (109) becomes
cnjk
(y1 − y2)2∆j
π(−2)∆∗Γ(∆∗ + 12)
Γ(
∆∗+1
2
)Γ(
∆∗
2
)
[ 2
π
Q∆∗−1(1−2χ)+(−1±iǫ)−
1
2P∆∗−1(1−2χ)
]
(111)
As in (27) the Legendre function Qν(x) is defined to have branch cuts along
(−∞,−1)∪(1,∞), so the first term in (111) does not have a cut for 0 < χ < 1.
The unwanted discontinuity across the cut (93) comes just from the second
term. When summing the tower of higher-dimension operators to obtain the
equation of motion, the coefficients are chosen so the unwanted discontinuity
cancels. This means only the first term in (111) contributes to the equations
of motion.
In deriving equations of motion we first treat the case ∆j = 2. From the
coefficients we have computed we have
(M2n −∆ν(∆ν − 2))aCFTn cjkn = λ
(−1)n
π2
Γ2(n+ 2)Γ(n+ 3)
Γ(n+ 1)Γ(2n+ 3)
(112)
With the repeated use of
Γ(2x) =
22x−1√
π
Γ(x)Γ(x+
1
2
) (113)
the sum we need to do on the right hand side of (59) reduces to
2λ
π2(y1 − y2)4
∞∑
n=0
(n+ 1)(n+ 2)(2n+ 3)Qn+1(1− 2χ). (114)
To evaluate this sum we start with
∞∑
k=0
(2k + 1)Qk(x) =
1
x− 1 (115)
and act with L0 on both sides to get
∞∑
n=0
(2n+ 3)(n+ 1)(n+ 2)Qn+1(x) = L0
1
x− 1 =
2
(1− x)2 (116)
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Thus we get that the sum (114) is just
λ
π2
(
z
(x− y1)2 + z2
)2(
z
(x− y2)2 + z2
)2
(117)
According to (60) and (61) this means the sum over double-trace opera-
tors on the right hand side of the equation of motion can be identified with
λφ
(0)
j φ
(0)
k (x, z).
Now we consider the more general case ∆j = ∆k = l ≥ 2. Using (101)
and (111) and a little algebra we need to do the sum
λ
(y1 − y2)2l
2(−1)l
π2Γ2(l − 1)
∞∑
n=0
(2n+ 2l − 1)Γ(n+ 2l − 1)
Γ(n+ 1)
Qn+l−1(1− 2χ) (118)
To evaluate this we start with (115) and eliminate the first l − 1 terms by
acting with Ll−2 · · ·Li−2 · · ·L0. Using LiQk = (k − i)(k + i+ 1)Qk we find
Ll−2 · · ·Li−2 · · ·L0
∞∑
k=0
(2k+1)Qk(x) =
∞∑
n=0
(2n+ 2l − 1)Γ(n+ 2l − 1)
Γ(n+ 1)
Qn+l−1(x)
(119)
A bit of computation gives
Li
1
(x− 1)i+1 =
2(i+ 1)2
(x− 1)i+2 (120)
so that
Ll−2 · · ·Li−2 · · ·L0 1
x− 1 =
2l−1Γ2(l)
(x− 1)l . (121)
This means the sum in (118) is given by
λ
(y1 − y2)2l
Γ2(l)
π2Γ2(l − 1)
1
χl
=
λΓ2(l)
π2Γ2(l − 1)
(
z
(x− y1)2 + z2
)l(
z
(x− y2)2 + z2
)l
(122)
Again using (60) and (61) the sum over double-trace operators on the right
hand side of the equation of motion can be identified with λφ
(0)
j φ
(0)
k (x, z).
This means the CFT expression (59) for the bulk equation of motion is
equivalent to
(∇2 −m2)φ(x, z) = λ
N
φ
(0)
j φ
(0)
k (x, z) (123)
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7 CFT computation in d = 3
Now we consider scalar fields in AdS4. We start with the 3-point function
of a smeared dimension ∆ν operator with two operators of dimension ∆j =
∆k = l ∈ N. In AdS4 it is convenient to define ∆ν = ν + 2.
The discontinuity (23) is
I∆νdiscont = γ˜
(d=3)
∆ν ll
1
(1− χ) 12
Γ(∆i − 12)√
πΓ2(∆i
2
)
F (
∆ν
2
− 1
2
, 1− ∆i
2
,
1
2
, 1− χ) (124)
Using (27) we can write for generic ν
F (
ν + 1
2
,−ν
2
,
1
2
, x2) =
Γ(ν
2
+ 1)√
πΓ(ν+1
2
)
gν(x)
gν(x) =
(
π cos(
πν
2
)Pν(x)− 2 sin(πν
2
)Qν(x)
)
(125)
The double-trace operators we have available start at ∆n = 2l + 2n and
produce a discontinuity given by
I2n+2ldiscont =
cnjk
(1− χ) 12
Γ(2n+ 2l − 1
2
)
Γ(n+ l)Γ(n+ l − 1
2
)
(−1)n+l−1P2n+2l−2(
√
1− χ) (126)
Now let’s see how we can cancel these discontinuities. From the integrals
in (31) we can derive the identity
gν(x) = −2 sin(πν
2
)
∞∑
k=0
4k + 1
(2k − ν)(2k + ν + 1)P2k(x) (127)
However for l ≥ 2 we do not have all the required Legendre polynomials in
(126). So as in the previous section we act on both sides of (127) with the
operator (see (43))
Πl−2i=0L2i (128)
to get the formal expression
gν(x) =
−2 sin(piν
2
)
h3,ν,l
∞∑
n=0
(4n+ 4l − 3)Πl−2i=0[(2n+ 2l − 2)(2n+ 2l − 1)− 2i(2i+ 1)]
(2n+ 2l − 2− ν)(2n+ 2l + ν − 1) P2n+2l−2(x)
(129)
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Here
h3,ν,l = Π
l−2
i=0[ν(ν + 1)− 2i(2i+ 1)] = 22l−2(−1)l−1
Γ(l − ν
2
− 1)Γ(l + ν
2
− 1
2
)
Γ(−ν
2
)Γ(ν+1
2
)
(130)
The product in (129) evaluates to
Πl−2i=0[(2n+2l−2)(2n+2l−1)−2i(2i+1)] = 22l−2
Γ(n+ 2l − 3
2
)Γ(n+ l)
Γ(n+ 1)Γ(n+ l − 1
2
)
(131)
It’s also useful to use 2n+ 2l = ∆n and ν = ∆ν − 2 to rewrite
(2n+ 2l − 2− ν)(2n + 2l + ν − 1) = ∆n(∆n − 3)−∆ν(∆ν − 3) (132)
Now let’s cancel the discontinuities as in (25). We need to cancel
γ˜
(d=3)
∆ν ll
1
(1− χ)1/2
Γ(∆ν − 12)
πΓ(∆ν
2
)Γ(∆ν−1
2
)
gν(
√
1− χ) (133)
against terms of the form (126). This can be done by setting
aCFTn cnjk = −Nγ˜(d=3)∆ν ll
4
π
sin(piν
2
)Γ(ν + 3
2
)Γ(−ν
2
)
Γ(ν+2
2
)Γ(l − ν
2
− 1)Γ(l + ν
2
− 1
2
)
×
Γ(n+ 2l − 3
2
)Γ2(n+ l)
Γ(n+ 1)Γ(2n+ 2l − 3
2
)
(−1)n
∆n(∆n − 3)−∆ν(∆ν − 3) (134)
Now
γ˜
(d=3)
∆ν ll
= − λ
4π3N
Γ2(ν
2
+ 1)Γ(l − ν
2
− 1)Γ(l + ν
2
− 1
2
)
Γ(ν + 3
2
)Γ2(l − 3
2
)
(135)
Putting everything together one again finds that the coefficients agree with
the general result (7).
7.1 Equations of motion
As an example of deriving equations of motion in d = 3 we consider operators
of dimension ∆j = ∆k = l coupled to an operator with dimension ∆ν .
31
Dropping non-analytic terms which will cancel anyway, according to (59)
and (63) the terms we need to sum are
cnjk
Γ(−1
2
)Γ(2n+ 2l − 1
2
)
(y1 − y2)2lΓ2(n + l − 12)
F (n+ l,−n− l + 3
2
,
3
2
, 1− χ) (136)
Now
F (n+l,−n−l+3
2
,
3
2
, 1−χ) = (−1)
n+l−1Γ(n+ l − 1
2
)√
πΓ(n+ l)
1√
1− χQ2n+2l−2(
√
1− χ)
(137)
while from (134) we have
[∆n(∆n − 3)−∆ν(∆ν − 3)]aCFT cn = λ (−1)
n
π3Γ2(l − 3
2
)
Γ2(n+ l)Γ(n + 2l − 3
2
)
Γ(n+ 1)Γ(2n+ 2l − 3
2
)
(138)
As a first example we consider the case l = 2. From (136), (137), (138) we
need to do the sum
λ
N(y1 − y2)4
1
4π4
1√
1− χ
∞∑
n=0
(2n+ 2)(2n+ 3)(4n+ 5)Q2n+2(
√
1− χ) (139)
We can use (68) to get
∞∑
k=0
(4k + 1)Q2k(x) =
x
(x2 − 1) (140)
But since we only have Q2k(x) available for k ≥ 1, we act on (140) with L0
to eliminate Q0(x). This gives a formal expression
∞∑
n=0
(4n+ 5)(2n+ 2)(2n+ 3)Q2n+2(x) =
4x
(x2 − 1)2 (141)
which means the sum (139) is
λ
π4
(
z
(x− y1)2 + z2
)2(
z
(x− y2)2 + z2
)2
(142)
Using (60) and (61), this identifies the right hand side of the equation of
motion (59) as simply being λ
N
φ
(0)
j φ
(0)
k (x, z).
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Now we consider general l > 2. From (136), (137), (138) we need to
evaluate
λ
(y1 − y2)2l
(−1)l
π3Γ2(l − 3
2
)
1√
1− χ
∞∑
n=0
(4n+4l−3)Γ(n+ l)Γ(n+ 2l −
3
2
)
Γ(n+ 1)Γ(n+ l − 1
2
)
Q2n+2l−2(
√
1− χ)
(143)
Starting from (140) we need to eliminate the first l − 1 terms, which we do
by acting with L2l−4 · · ·L0. Using LiQk = (k − i)(k + i+ 1)Qk the left hand
side becomes
L2l−4 · · ·L2i−4 · · ·L0
∞∑
k=0
(4k + 1)Q2k(x) =
4l−1
∞∑
n=0
(4n+ 4l − 3)Γ(n+ l)Γ(n+ 2l −
3
2
)
Γ(n+ 1)Γ(n+ l − 1
2
)
Q2n+2l−2(
√
1− χ) (144)
Using
L2i−4
x
(x2 − 1)i−1 = 4(i− 1)
2 x
(x2 − 1)i (145)
the right hand side becomes
L2l−4 · · ·L2i−4 · · ·L0 x
x2 − 1 = 4
l−1Γ2(l)
x
(x2 − 1)l (146)
Putting everything together the sum in (143) is
λ
(y1 − y2)2l
Γ2(l)
π3Γ2(l − 3
2
)
1
χl
=
λΓ2(l)
π3Γ2(l − 3
2
)
(
z
(x− y1)2 + z2
)l(
z
(x− y2)2 + z2
)l
(147)
Again this identifies the right hand side of the equation of motion (59) as
λ
N
φ
(0)
j φ
(0)
k (x, z).
8 Scalars coupled to gauge fields
In this section we show that similar computations can be done for a charged
scalar primary that has a non-trivial three-point function with a conserved
current. We promote the charged scalar primary to a local bulk field and de-
rive the equation of motion, obtaining the expected bulk three-point coupling
between a gauge field and a charged scalar.
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We start with a review of results from [13, 14]. We start with the 3-point
function of a complex scalar and a conserved current in a CFT.
〈O(x)O¯(y1)jν(y2)〉 = −2i(q/N)ξ˜(d− 2)
(x− y1)2∆−d+2(x− y2)d−2(y1 − y2)d−2
[
(x− y2)ν
(x− y2)2 −
(y1 − y2)ν
(y1 − y2)2
]
(148)
Here q = O(1) is the charge of the field measured in units of 1/N and [18]
ξ˜ =
ξ
2∆− d =
Γ(d
2
)Γ(∆)
2πd(d− 2)Γ(∆− d
2
)
. (149)
Since we have a charged field in the bulk, the Gauss constraint requires that
certain commutators be non-vanishing even at spacelike separation. To deal
with this we follow a procedure developed in [13], where it was shown that
even taking the Gauss constraint into account, a charged bulk scalar still
commutes with the boundary field strength Fµν = ∂µjν − ∂νjµ. The relevant
CFT correlator is given by
〈O(x)O¯(y1)Fµν(y2)〉 = 4iq
N
(d− 2)ξ˜Lµν〈∆,∆+ 1, d− 1〉 (150)
where
〈∆1,∆2,∆3〉 = 1
(x− y1)∆1+∆2−∆3(x− y2)∆1+∆3−∆2(y1 − y2)∆2+∆3−∆1 (151)
has a form of a scalar 3-point function with the indicated dimensions and
Lµν = (y2 − y1)µ∂y2ν − (µ↔ ν) (152)
It was shown in [13, 14] that one can construct a local bulk field, in the sense
that it obeys the appropriate microcausality conditions, by setting
φ(x, z) =
∫
K∆(x, z|x′)O(x′) + 1
N
∞∑
n=0
∫
a(f)n K∆n(x, z|x′)An(x′). (153)
Here the scalar (but not primary!) operators An are built from jν and O
with derivatives. They have the property that
〈An(x)O¯(y1)Fµν(y2)〉 = c(f)n Lµν〈∆n,∆+ 1, d− 1〉 (154)
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where ∆n = 2n+∆+ d. The coefficients a
(f)
n are to be chosen such that
〈φ(x, z)O(y1)Fµν(y2)〉 (155)
is analytic for χ > 0.
The a
(f)
n coefficients are related by (150) and (154) to the coefficients one
uses for interacting scalars with dimensions ∆,∆+1, d−1. Suppose we solve
the scalar case in the sense that we find coefficients a
(s)
n c
(s)
n that would let us
build a local scalar field in the bulk starting from a CFT three-point coupling
〈∆,∆+1, d−1〉. This scalar system is solved explicitly for d = 3 in appendix
C. Then to build a charged bulk scalar field all we have to do is set
a(f)n c
(f)
n = α
(f)a(s)n c
(s)
n (156)
where α(f) reflects the different normalization of the starting 3-point func-
tions. The coefficient of the scalar 3-point function coming from a bulk cubic
coupling is given in (13).
γ˜ = − λΓ(
d
2
)Γ(∆)
4NπdΓ(∆− d
2
+ 1)
(157)
Then we identify
α(f) = −4i q
λ
(2∆− d) (158)
The resulting local bulk field obeys the equation of motion
(∇2−∆(∆−d))φ(x, z) = 1
N
∞∑
n=0
∫
dx′a(f)n [∆n(∆n−d)−∆(∆−d)]K∆n(x, z|x′)An(x′)
(159)
To identify the operator on the right hand side we insert it into a 3-point
function with Fµν and O¯. This gives
Lµν
∞∑
n=0
∫
dx′a(f)n c
(f)
n [∆n(∆n − d)−∆(∆− d)]K∆n(x, z|x′)〈∆n,∆+ 1, d− 1〉
(160)
which using (156) is just α(f)Lµν acting on the scalar result given in appendix
C. This means the right hand side of the equation of motion is
α(f)
λΓ(∆ + 1)
π3Γ(∆− 1
2
)Γ(1
2
)
Lµν
(
z
z2 + (x− y1)2
)∆+1(
z
z2 + (x− y2)2
)2
(161)
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Now let’s see if we can identify a bulk quantity which, when inserted in
a 3-point function with O¯(y1) and Fµν(y2), will reproduce (161). It’s easy to
guess that the answer must be−2iqgρσA(0)ρ ∂σφ(0)(x, z), where to leading order
in 1/N gρσ is the background AdS metric and the superscript (0) indicates a
free field constructed from the CFT using the zeroth order smearing (same
notation as in (201)).
To check this we use large-N factorization to obtain
< gρσA(0)ρ ∂σφ
(0)(x, z)O¯(y1)Fµν(y2)〉 = 〈zA(0)ρ (x, z)Fµν(y2)〉〈zηρσ∂σφ(0)(x, z)O¯(y1)〉
(162)
Now we use [18, 12]
〈zA(0)ρ (x, z)Fµν(y2)〉 =
Γ(d− 1)
π
d
2Γ(d
2
− 1)
(ηρν∂
y2
µ − ηρµ∂y2ν )
(
z
z2 + (x− y2)2
)d−1
(163)
and (note that for a complex scalar there is a factor of 2 in the two-point
function)
〈z∂σφ(0)(x, z)O¯(y1)〉 = 4(y1 − x)σ Γ(∆ + 1)
π
d
2Γ(∆− d
2
)
(
z
z2 + (x− y1)2
)∆+1
(164)
We can replace (y1 − x)σ → (y1 − y2)σ in (164) due to the antisymmetry in
(163), and we get as promised (setting d = 3)
−2iq〈gρσA(0)ρ ∂σφ(0)(x, z)O¯(y1)Fµν(y2)〉 (165)
= −8iq Γ(∆ + 1)
π3Γ(∆− 3
2
)Γ(1
2
)
Lµν
(
z
z2 + (x− y1)2
)∆+1(
z
z2 + (x− y2)2
)2
So the equation of motion (159) is nothing but
(∇2 −∆(∆− d))φ(x, z) = −2iq
N
gρσA(0)ρ ∂σφ
(0)(x, z) (166)
which is the expected bulk equation of motion for a charged scalar field in
holographic gauge.
8.1 Scalar coupled to a massive vector
Another case that can be treated is a non-conserved current of dimension ∆
coupled to two primary scalars of dimension ∆1 and ∆2. The CFT 3-point
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function is given by
〈O1(x)jµ(y1)O2(y2)〉 =
c
(v)
∆1
(x− y1)∆+∆1−∆2−1(x− y2)∆1+∆2−∆+1(y2 − y1)∆+∆2−∆1−1
×
[
(x− y1)µ
(x− y1)2 −
(y2 − y1)µ
(y2 − y1)2
]
(167)
This can be written as
1
(∆ +∆1 −∆2 + 1)[(y2 − y1)
2∂y1µ − 2∆(y2 − y1)µ]〈∆1,∆,∆2 + 1〉 (168)
As explained in [13] we can build a tower of higher-dimension double-trace
primary scalars O(v)n with dimension ∆n = ∆+∆2+1+2n out of a product
of jµ and O2 with 2n derivatives. The operators O(v)n obey
〈O(v)n (x)jµ(y1)O2(y2)〉 = c(v)n [(y2 − y1)2∂y1µ − 2∆(y2 − y1)µ]〈∆n,∆,∆2 + 1〉
(169)
We see that this system is closely related to a system of interacting scalars
of dimension ∆1,∆,∆2 + 1. Suppose we solve the corresponding scalar sys-
tem, that is we find a set of coefficients a
(s)
n that produce a local scalar field
in the bulk. Then from (168) and (169), we see that we should define
φ1(x, z) =
∫
K∆1(x, z|x′)O1(x′) +
1
N
∑
n
∫
a(v)n K∆n(x, z|x′)O(v)n (x′) (170)
This will make 〈φ1(x, z)jµ(y1)O2(y2)〉 analytic for χ > 0, and thus produce
a local field in the bulk, provided we set
a(v)n c
(v)
n = α
(v)(a(s)n c
(s)
n ) (171)
Here α(v) is a constant reflecting the different normalization of the 3-point
we start with.
This bulk field obeys an equation of motion
(∇2−∆1(∆1−d))φ1(x, z) = 1
N
∑
n
∫
a(v)n [∆n(∆n−d)−∆1(∆1−d)]K∆n(x, z|x′)O(v)n (x′)
(172)
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To identify the right hand side we insert it in a 3-point function with jµ(y1)
and O2(y2) and obtain
(
(y2 − y1)2∂y1µ − 2∆(y2 − y1)µ
)[∑
n
∫
dx′a(v)n c
(v)
n
[∆n(∆n − d)−∆1(∆1 − d)]K∆n(x, z|x′)〈∆n,∆,∆2 + 1〉
]
(173)
This is just α(v)
(
(y2 − y1)2∂y1µ − 2∆(y2 − y1)µ
)
acting on the result of the
scalar sum. We have seen many examples of these scalar sums, so up to a
normalization we know this will become
(
(y2 − y1)2∂y1µ − 2∆(y2 − y1)µ
)( z
(x− y1)2 + z2
)∆(
z
(x− y1)2 + z2
)∆2+1
(174)
Using results from [12]
〈zAν(x, z)jµ(y1)〉 = ∆− 1
∆
ηµν
(
z
(x− y1)2 + z2
)∆
− z
∆
2∆(∆− 1)∂
x
µ∂
x
ν
(
1
(x− y1)2 + z2
)∆−1
〈Az(x, z)jµ(y1)〉 = 1
∆
∂xµ
(
z
(x− y1)2 + z2
)∆
(175)
and a little algebra (174) can be seen to be proportional to
z2〈A(0)ν (x, z)jµ(y1)〉ηνρ∂xρ〈φ(0)2 (x, z)O2(y2)〉+z2〈A(0)z (x, z)jµ(y1)〉∂z〈φ(0)2 (x, z)O2(y2)〉
(176)
This means the CFT equation of motion (172) for the bulk field is
(∇2 −∆1(∆1 − d))φ1(x, z) ∼ 1
N
A
(0)
M ∂
Mφ
(0)
2 (x, z) (177)
which is indeed the expected bulk equation of motion to this order in 1/N .
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9 Scalar coupled to gravity
The three-point function of the energy-momentum tensor and two primary
scalars of dimension ∆ is given by
〈O(x)O(y1)Tµν(y2)〉 = cd,∆
(y2 − y1)d−2(y2 − x)d−2(x− y1)2∆−d+2 (178)[(
(y2 − x)µ
(y2 − x)2 −
(y2 − y1)µ
(y2 − y1)2
)(
(y2 − x)ν
(y2 − x)2 −
(y2 − y1)ν
(y2 − y1)2
)
− ηµν
d
(
(y2 − x)ρ
(y2 − x)2 −
(y2 − y1)ρ
(y2 − y1)2
)2]
Defining a boundary Weyl tensor
Cαβγδ = ∂α∂γTβδ − (γ ↔ δ)− (β ↔ α) + (γ ↔ δ β ↔ α) (179)
and a differential operator
Lαβγδ = (y1 − y2)α(y1 − y2)γ∂y2β ∂y2δ − (γ ↔ δ)− (β ↔ α) + (γ ↔ δ β ↔ α)
(180)
the three-point function of Cαβγδ where α, β, γ, δ are all distinct with two
primary scalars of dimension ∆ is15
〈O(x)O(y1)Cαβγδ(y2)〉 = γgcLαβγδ〈∆,∆+ 2, d〉 (181)
where
γgc =
4(d− 1)cd,∆
d− 2 (182)
and the scalar correlator 〈∆,∆+2, d〉 is defined in (151). γgc can be computed
from the 3-point function of two scalars with an energy-momentum tensor.
The results in [24] imply
γgc = −κ
d(∆− d
2
)Γ(d
2
)Γ(∆ + 1)
(d− 2)πdΓ(∆− d
2
)
(183)
where κ = O(1/N) is the gravitational coupling.
In [14] a method for constructing a bulk scalar field φ coupled to gravity
by smearing a dimension ∆ primary operator O was developed. The method
15correcting a normalization factor in [14]
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is based on enforcing an appropriate notion of bulk locality. Due to the gravi-
tational constraint equations one cannot require that all commutators vanish
at spacelike separation. However in [14] it was shown that the commutator of
a bulk scalar with certain components of the boundary Weyl tensor vanishes.
Thus the bulk field can be defined by
φ(x, z) =
∫
dx′K∆(x, z|x′)O(x′) +
∞∑
n=0
a(g)n
∫
dx′K∆n(x, z|x′)T∆n(x′) (184)
where the scalar (but not primary) operators Tn are double-trace operators
built from a product of Tµν and O with 2n + 2 derivatives. They have
dimension ∆n = 2n +∆+ d+ 2 and are constructed so that
〈Tn(x)O(y1)Cαβγδ(y2)〉 = c(g)n Lαβγδ〈∆n,∆+ 2, d〉 (185)
where α, β, γ, δ are all distinct.16 To fix the coefficients a
(g)
n , we require that
the 3-point function of φ with O and Cαβγδ is analytic for χ > 0.
It’s clear that all we have to do is to solve the related scalar system with
operators of dimension ∆,∆+2, d. Having found the coefficients a
(s)
n c
(s)
n that
make the scalar system local in the bulk, all we need to do is set
a(g)n c
(g)
n = α
ga(s)n c
(s)
n (186)
where
αg =
γgc
γ
(d)
∆,∆+2,d
(187)
takes into account the different normalization of the starting 3-point function.
The bulk field defined in (184) will then be local with respect to O and Cαβγδ.
The scalar system we need to solve is treated in appendix D for d = 4 and
d = 5. Assuming we have solved the scalar system, let’s look at the resulting
bulk equation of motion. From (184) the bulk field satisfies (m2 = ∆(∆−d))
(∇2 −m2)φ(x, z) =
∞∑
n=0
a(g)n
∫
dx′(M2n −m2)K∆n(x, z|x′)T∆n(x′) (188)
16This means the construction only works for d ≥ 4.
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To identify the operator on the right hand side we put it in a 3-point function
with O(y1) and Cαβγδ(y2). Using (185) and (187) we see that the right hand
side of (188) is just
α(g)Lαβγδ
[
scalar sum
]
(189)
The scalar sum we know. For a bulk coupling constant λ
N
it is just
λ
N
Γ(∆ + 2)Γ(d)
πdΓ(∆ + 2− d
2
)Γ(d
2
)
(
z
(x− y1)2 + z2
)∆+2(
z
(x− y1)2 + z2
)d
(190)
So the right hand side of (188) is an operator whose 3-point function with
O(y1) and Cαβγδ(y2) is given by
α(g)
λ
N
Γ(∆ + 2)Γ(d)
πdΓ(∆ + 2− d
2
)Γ(d
2
)
Lαβγδ
(
z
(x− y1)2 + z2
)∆+2(
z
(x− y1)2 + z2
)d
(191)
We now show that the operator is just κgµρgνσh
(0)
µν ∂ρ∂σφ
(0)(x, z), where
to this order in 1/N gµρ is the inverse AdS metric and the superscript (0)
indicates a free field constructed using the zeroth order smearing function
(for notation see (201)). We need to collect a few results. First, with γ
(d)
∆,∆+2,d
given by (12) we have
αg = 8(∆− d
2
)(∆− d
2
+ 1)
Nκ
λ
(192)
Then using17
〈z2h(0)µν (x, z)Cαβγδ(y2)〉 =
Γ(d)
π
d
2Γ(d
2
)
[
(ηµβηνδ + ηνβηµδ)∂
y2
α ∂
y2
γ − (γ ↔ δ)−
(β ↔ α) + (γ ↔ δ β ↔ α)]( z
(x− y2)2 + z2
)d
(193)
and
〈∂ρ∂σφ(0)(x, z)O(y1)〉 = 4Γ(∆ + 2)
π
d
2Γ(∆− d
2
)
(x− y1)ρ(x− y1)σ
(
z
z2 + (x− y1)2
)∆+2
+(terms proportional to ηρσ) (194)
17This is valid when α, β, γ, δ are all distinct. For details see appendix E.
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From this we get18
κ〈gµρgνσh(0)µν ∂ρ∂σφ(0)(x, z)O(y1)Cαβγδ(y2)〉 (195)
= κ
8Γ(d)Γ(∆ + 2)
πdΓ(d
2
)Γ(∆− d
2
)
(
z
z2 + (x− y1)2
)∆+2
Lαβγδ
(
z
z2 + (x− y2)2
)d
which matches (191). This means the bulk field satisfies an equation of
motion which to this order in 1/N is
[∇2 −m2]φ(x, z) = κgµρgνσh(0)µν ∂ρ∂σφ(0)(x, z) (196)
This is the expected equation of motion to order 1/N in holographic gauge.
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A Bulk construction of local operators
In the bulk of this paper we used locality as a guiding principle. We con-
structed local observables in the bulk starting from CFT correlators and we
showed that these local observables obeyed the expected bulk equations of
motion.
Another way to construct local fields in the bulk is to solve the radial
bulk evolution equations perturbatively [9, 10]. In this appendix we adopt
this alternate approach and show that it agrees with the approach based on
18Note that due to the antisymmetry properties of Lαβγδ we can replace (x − y1)ρ →
(y1 − y2)ρ
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locality, in the sense that for scalar fields it leads to the same aCFTn coefficients
appearing in (7).
Suppose we have a bulk equation of motion for a scalar field in AdSd+1
with a cubic coupling of the form19
∇2φi −m2φi = λ
N
φjφk (197)
Here ∇2 = 1√
g
∂M
√
ggMN∂N and λ is a coupling which is O(1). We can solve
this in perturbation theory by setting φ = φ(0) + 1
N
φ(1) + · · · and gathering
powers of 1/N . At O(N0) we find that φ(0) is a free field,
(∇2 −m2)φ(0)i = 0 , (198)
while at O(1/N) we find the correction
(∇2 −m2)φ(1)i = λφ(0)j φ(0)k . (199)
We want to solve these equations in terms of data given on the time-like
boundary of AdS, namely that the bulk field φ should behave near the bound-
ary as
φi(x, z) ∼ z∆Oi(x) as z → 0 (200)
Here m2 = ∆(∆− d) and Oi(x) is identified with an operator in the CFT.
This is not a standard Cauchy problem but nevertheless it can be solved.
The solution of the free wave equation (198) is
φ
(0)
i (x, z) =
∫
ddx′K∆i(x, z|x′)Oi(x′) (201)
where the smearing kernel K∆(x, z|x′) obeys
∇2K∆(x, z|x′) = ∆(∆− d)K∆(x, z|x′) . (202)
The second equation (199) can be solved with a help of a Green’s function
obeying
(∇2 −m2)G(X,X ′) = 1√
g
δ(X −X ′) (203)
19Other forms of cubic bulk interaction are discussed in section 5.
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to give
φ
(1)
i (X) = λ
∫
dd+1X ′
√
g G(X,X ′)φ(0)j φ
(0)
k (X
′) (204)
where X and X ′ label bulk points.
There is an alternate way of solving this equation which is easier to com-
pare to CFT results. Note that since φ
(0)
j φ
(0)
k (X) is a local scalar in the bulk
it must be possible to write it as a sum of smeared primary double-trace
operators On in the CFT. (The On’s are built from a product of Oj and Ok
with 2n derivatives and have dimension ∆n = ∆j + ∆k + 2n.) So we can
write
φ
(0)
j φ
(0)
k (X) =
∑
n
bjkn
∫
ddx′K∆n(x, z|x′)On(x′) (205)
Explicit formulas for bjkn have been determined using the Ka¨lle´n-Lehmann
representation for AdS by Bros et al. [25].
In this spirit we write
φ
(1)
i (X) =
∑
n
abulkn
∫
ddx′K∆n(x, z|x′)On(x′) (206)
and insert (206) and (205) in (199). Labeling M2n = ∆n(∆n − d) we get∑
n
abulkn (M
2
n−m2)
∫
ddx′K∆n(x, z|x′)On(x′) = λ
∑
n
bjkn
∫
ddx′K∆n(x, z|x′)On(x′)
(207)
Since the On are orthogonal inside a two-point function we can read off
abulkn =
λ bjkn
M2n −m2
. (208)
These coefficients determine the interacting bulk field to O(1/N).
The solution we have obtained is of course consistent with the one ob-
tained from a Green’s function in (204). A useful identity is∫
dd+1X ′
√
gG(X,X ′)
∫
ddx′′K∆n(X
′|x′′)On(x′′) = 1
M2n −m2
∫
ddx′′K∆n(X|x′′)On(x′′)
(209)
(To prove this act on both sides with∇2−m2 and use the fact that the Green’s
function obeys (203) while the smearing kernel obeys the free equation of
motion.) Substituting (205) in (204) and using (209) reproduces (208).
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A.1 Computing ancnjk
The coefficients bjkn have been computed [25], and in principle from (208)
this result determines abulkn . But when comparing bulk results to the CFT,
it is easier to compare the combination ancnjk where cnjk is the coefficient
appearing in the 3-point function 〈OnOjOk〉.
We’ll first determine bjkn cnjk then determine a
bulk
n cnjk. The combination
bjkn cnjk can be computed in the following way. Consider the bulk-boundary
3-point function
〈φ(0)j φ(0)k (x, z)Oj(y1)Ok(y2)〉CFT (210)
where
φ
(0)
j (x, z) =
∫
dx′K∆j (x, z|x′)Oj(x′) (211)
φ
(0)
k (x, z) =
∫
dx′K∆k(x, z|x′)Ok(x′)
This can be evaluated by two means at leading order for large N . One can
use large N factorization to get
〈φ(0)j (x, z)Oj(y1)〉〈φ(0)k (x, z)Ok(y2)〉 =
djk
(
z
(x− y1)2 + z2
)∆j ( z
(x− y2)2 + z2
)∆k
(212)
where
djk =
1
πd
Γ(∆j)Γ(∆k)
Γ(∆j − d2)Γ(∆k − d2)
(213)
Alternatively we can use the fact that φ
(0)
j φ
(0)
k (x, z) is a local bulk scalar to
write
φ
(0)
j φ
(0)
k (x, z) =
∑
n
bjkn
∫
dx′K∆n(x, z|x′)On(x′) (214)
where On is a primary scalar double-trace operator built from Oj and Ok
with 2n derivatives. It has dimension ∆n = ∆j + ∆k + 2n. So using the
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result (14), (210) can also be written as
∑
n
bjkn cnjk
1
(y1 − y2)2∆j
[
z
z2 + (x− y2)2
](∆k−∆j)
×
(
1
χ− 1
)∆∗
F (∆∗,∆∗ − d
2
+ 1,∆n − d
2
+ 1,
1
1− χ) (215)
Equating expressions (212) and (215)
djk
(
z
(x− y1)2 + z2
)∆j ( z
(x− y2)2 + z2
)∆k
(216)
=
∑
n
bjkn cnjk
1
(y1 − y2)2∆j
[
z
z2 + (x− y2)2
](∆k−∆j)
×
(
1
χ− 1
)∆∗
F (∆∗,∆∗ − d
2
+ 1,∆n − d
2
+ 1,
1
1− χ)
one can read off the coefficients bjkn cnjk. In practice this is easiest to do in
the limit z → 0, but then we can only easily read off the coefficient with
the smallest value of n on the right hand side. To determine the coefficients
for larger n we act on both sides of the equation with ∇2 − ∆m(∆m − d),
which for appropriate choices of ∆m = 2m+∆j+∆k will eliminate one after
another of the leading terms on the right hand side. So to easily read off the
coefficient for a particular value of n we act on both sides with the operator
n−1∏
m=0
(∇2 −∆m(∆m − d)) (217)
Let’s start with n = 1 and see what this operator does to (216). On the left
hand side, using
∇2 = z2∂µ∂µ + (1− d)z∂z + z2∂2z (218)
and since for any ∆,
(∇2 −∆(∆− d))
(
z
(x− y1)2 + z2
)∆
= 0 (219)
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we get
(∇2 − (∆j +∆k)((∆j +∆k)− d))
(
z
(x− y1)2 + z2
)∆j ( z
(x− y1)2 + z2
)∆k
= −4∆j∆k(y1 − y2)2
(
z
(x− y1)2 + z2
)∆j+1( z
(x− y1)2 + z2
)∆k+1
(220)
On the right hand side of (216) this operator eliminates the n = 0 term and
multiplies all other terms by ∆n(∆n − d) − ∆0(∆0 − d). Then taking the
limit z → 0 we can easily read off the bjk1 c1jk coefficient. This procedure can
be repeated again and again, and we get
n−1∏
m=0
[∆n(∆n − d)−∆m(∆m − d)]bjkn cnjk = djk(−4)n
Γ(∆j + n)Γ(∆k + n)
Γ(∆j)Γ(∆k)
(221)
Using
∆n(∆n − d)−∆m(∆m − d) = 4(n−m)(n +m+∆j +∆k − d
2
) (222)
this can be written in the convenient form
bjkn cnjk =
1
πd
(−1)n
Γ(∆j − d2)Γ(∆k − d2)
Γ(∆j + n)Γ(∆k + n)Γ(n +∆j +∆k − d2)
Γ(n+ 1)Γ(2n+∆j +∆k − d2)
(223)
Thus for the case of a bulk λ
N
φiφjφk interaction, solving the bulk equations
of motion gives a first-order correction to the field which can be put in the
form (206). From (208), the coefficients abulkn obey
abulkn cnjk =
λ
πd
(−1)n
Γ(∆j − d2)Γ(∆k − d2)
Γ(∆j + n)Γ(∆k + n)Γ(n+∆j +∆k − d2)
Γ(n+ 1)Γ(2n+∆j +∆k − d2)
× 1
∆n(∆n − d)−∆i(∆i − d)
which agrees with the general form (7). This result was obtained from the
bulk point of view and relied on knowing the bulk equations of motion. We
have shown in numerous examples that the same result can be obtained
purely within the CFT by the requirement of bulk locality.
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B Poles and cuts in even dimensions
In the section we treat the case of even d ≥ 4, and show that cancellation of
the unwanted cuts in Iijk automatically leads to cancellation of the unwanted
poles.
We start with a 3-point function of scalar primaries of dimension ∆ν ,∆j ,∆k.
We want to promote the operator of dimension ∆ν to a bulk field, using
higher-dimension double-trace primaries that have dimension ∆n = 2n +
∆j +∆k to achieve locality. Define
∆
(ν)
0 =
1
2
(∆ν +∆j −∆k)
∆
(n)
0 =
1
2
(∆n +∆j −∆k) (224)
The discontinuity across the cut for the original 3-point function is given by
(23) and (24).
γ˜
Γ(∆ν − 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
(∆
(ν)
0 −1)(1+∆(ν)0 −∆ν)F (∆(ν)0 , 2+∆(ν)0 −∆ν , 2, 1−χ)
(225)
In even d ≥ 4 there are also poles in the 3-point function at χ = 1, coming
from
F (a+m, a, c, z) = (−z)−a Γ(c)
Γ(a +m)
m−1∑
l=0
Γ(m− l)(a)l
Γ(c− a− l) z
−l + · · · (226)
where (a)l =
Γ(a+l)
Γ(a)
.
We start with the case d = 4. Applying (226) to (15), in d = 4 the pole
is given by
γ˜
Γ(∆ν − 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
1
χ− 1 (227)
When an operator of dimension ∆n is inserted in the correlator in place of
the operator with dimension ∆ν , in place of (225) the discontinuity across
the cut is given by
cnjk
Γ(∆n − 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
(∆
(n)
0 −1)(1+∆(n)0 −∆n)F (∆(n)0 , 2+∆(n)0 −∆n, 2, 1−χ)
(228)
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while the pole is given by
cnjk
Γ(∆n − 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
1
χ− 1 (229)
Now imagine we have found coefficients an such that
γ˜
Γ(∆ν − 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
F (∆
(ν)
0 , 2 + ∆
(ν)
0 −∆ν , 2, 1− χ) (230)
= − 1
N
∞∑
n=0
ancnjk
Γ(∆n − 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
F (∆
(n)
0 , 2 + ∆
(n)
0 −∆n, 2, 1− χ)
Evaluating this at χ = 1 we see that the poles associated with higher di-
mension operators will exactly cancel the original pole. To see that the same
coefficients will also cancel the discontinuity across the cut we note that the
hypergeometric function obeys the differential equation(
z(1 − z) d
2
dz2
+ [c− (a+ b+ 1)z] d
dz
− ab
)
F (a, b, c, z) = 0. (231)
Define the operator
L
(p)
F,d = LF,d + (p−
d
2
)(p+∆j −∆k) (232)
where LF,d is the differential operator (z = 1− χ)
z(1 − z) d
2
dz2
+ [
d
2
− (1 + d
2
+ ∆j −∆k)z] d
dz
. (233)
Acting on (230) with L
(1)
F,d and using
L
(1)
F,4F (∆
(ν)
0 , 2 + ∆
(ν)
0 −∆ν , 2, z) = (∆(ν)0 − 1)(1 + ∆(ν)0 −∆ν)F (∆(ν)0 , 2 + ∆(ν)0 −∆ν , 2, z)
L
(1)
F,4F (∆
(n)
0 , 2 + ∆
(n)
0 −∆n, 2, z) = (∆(n)0 − 1)(1 + ∆(n)0 −∆n)F (∆(n)0 , 2 + ∆(n)0 −∆n, 2, z)
we see by looking at (225) and (228) that the coefficients in (230) will also
cancel the discontinuity across the cut. Thus we have shown that cancellation
of the discontinuity across the cut (which is easier to actually compute)
implies the cancellation of the unwanted poles.
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The case for even d > 4 is similar. The discontinuity across the cut for
the starting 3-point function is given by (23) and (24)
γ˜
(d
2
− 1)!
Γ(∆ν − d2 + 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
(∆
(ν)
0 −
d
2
+1) d
2
−1(1+∆
(ν)
0 −∆ν) d
2
−1F (∆
(ν)
0 ,
d
2
+∆
(ν)
0 −∆ν ,
d
2
, 1−χ)
(234)
while the poles (226) can be written as
γ˜
(χ− 1) d2−1
Γ(∆ν − d2 + 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
d
2
−2∑
l=0
Γ(d
2
− 1− l)(∆(ν)0 − d2 + 1)l(∆
(ν)
0 −∆ν + 1)l
l!
(χ−1)l
(235)
The contribution of the higher-dimension double-trace operators to the cut
is given by (23) and (24),
cnjk
(d
2
− 1)!
Γ(∆n − d2 + 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
(∆
(n)
0 −
d
2
+1) d
2
−1(1+∆
(n)
0 −∆n) d
2
−1F (∆
(n)
0 ,
d
2
+∆
(n)
0 −∆n,
d
2
, 1−χ)
(236)
while their contribution to the poles is given by (226).
γ˜
(χ− 1) d2−1
Γ(∆n − d2 + 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
d
2
−2∑
l=0
Γ(d
2
− 1− l)(∆(n)0 − d2 + 1)l(∆(n)0 −∆n + 1)l
l!
(χ−1)l
(237)
Suppose we start with coefficients an satisfying
γ˜
Γ(∆ν − d2 + 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
F (∆
(ν)
0 ,
d
2
+ ∆
(ν)
0 −∆ν ,
d
2
, 1− χ) (238)
= − 1
N
∞∑
n=0
ancnjk
Γ(∆n − d2 + 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
F (∆
(n)
0 ,
d
2
+ ∆
(n)
0 −∆n,
d
2
, 1− χ)
Evaluating this at χ = 1, we see that the l = 0 poles will cancel between the
original 3-point function and the one involving double-trace operators. To
exhibit additional cancellations, note that
(∆
(ν)
0 −
d
2
+ p)(∆
(ν)
0 −∆ν + p) = ∆(ν)0 (∆(ν)0 −∆ν +
d
2
) + (p− d
2
)(∆j −∆k + p)
(∆
(n)
0 −
d
2
+ p)(∆
(n)
0 −∆n + p) = ∆(n)0 (∆(n)0 −∆n +
d
2
) + (p− d
2
)(∆j −∆k + p)
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This means
L
(p)
F,dF (∆
(ν)
0 ,
d
2
+ ∆
(ν)
0 −∆ν ,
d
2
, 1− χ) (239)
= (∆
(ν)
0 −
d
2
+ p)(∆
(ν)
0 −∆ν + p)F (∆(ν)0 ,
d
2
+ ∆
(ν)
0 −∆ν ,
d
2
, 1− χ)
and
L
(p)
F,dF (∆
(n)
0 ,
d
2
+ ∆
(n)
0 −∆n,
d
2
, 1− χ) (240)
= (∆
(n)
0 −
d
2
+ p)(∆
(n)
0 −∆n + p)F (∆(n)0 ,
d
2
+ ∆
(n)
0 −∆n,
d
2
, 1− χ)
We see that if we act on (238) with L
(1)
F,d we get the correct formula for
canceling the l = 1 poles. Likewise acting with L
(1)
F,d · · ·L(p)F,d we see that the
l = p poles cancel. Finally acting with L
(1)
F,d · · ·L
(d
2
−1)
F,d on (238), we see that
the same coefficients an also cancel the cut.
C Scalar system relevant for gauge fields
The starting 3-point function can be written as some derivative operator
acting on a scalar 3-point function whose dimensions are (in d = 3) ∆,∆+1, 2
(we will assume integer ∆). The discontinuity is given by (23)
γ˜
1
π
1
(1− χ)1/2
(
1
χ
)∆−1
(241)
We can now build double-trace operators of dimension ∆n = ∆ + 3 + 2n,
which give a discontinuity
cn√
π
1
(1− χ)1/2
Γ(∆ + 2n + 21
2
)
Γ(n+∆+ 1)Γ(n+ 2)
F (∆ + n+
1
2
,−n− 1, 1
2
, 1− χ) (242)
This can be written using associated Legendre function as
cn
(1− χ)1/2
(−1)n+∆Γ(∆ + 2n+ 21
2
)
2∆−1Γ(n+∆+ 1)Γ(n+∆+ 1
2
)
(
1
χ
)∆−1
2
P∆−12n+∆+1(
√
1− χ)
(243)
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We see that in order to cancel the unwanted discontinuity, we need to be
able to write (
1
1− x2
)∆−1
2
=
∑
k
αkP
∆−1
k (x) (244)
To find αk we need the integral∫ 1
1
(
1
1− x2
)m
2
Pmk (x) (245)
This can be done by noticing that Pmk = (−1)m(1 − x2)
m
2
dm
dxm
Pk(x), so the
integral is just
(−1)m d
m−1
dxm−1
Pk(x)|1−1 (246)
Using
Pν(x) = F (ν, ν + 1, 1,
1− x
2
) (247)
we get
dm−1
dxm−1
Pk(1) =
Γ(k +m)
2m−1(Γ(m)Γ(k −m+ 2) for k > m− 2 (248)
and zero otherwise. So if k and m are both even or both odd we get
∫ 1
1
(
1
1− x2
)m
2
Pmk (x) =
(−1)mΓ(k +m)
2m−2Γ(m)Γ(k −m+ 2) for k > m− 2 (249)
Combined with∫ 1
−1
Pmn (x)P
m
k (x) = δnk
2Γ(n+m+ 1)
(2n+ 1)Γ(n−m+ 1) (250)
we get
αk =
(−1)m
2m−1Γ(m)
2k + 1
(k +m)(k −m+ 1) for k > m− 2 (251)
Note that putting k = 2n+∆+ 1 and m = ∆− 1, we get
(k +m)(k −m+ 1) = (2n+ 2∆)(2n+ 3) = ∆n(∆n − 3)−∆(∆− 3) (252)
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So we can write
1
π
(
1
χ
)∆−1
2
=
(−1)∆−1
π2∆−2Γ(∆− 1)
∞∑
n=−1
4n+ 2∆+ 3
∆n(∆n − 3)−∆(∆− 3)P
∆−1
2n+∆+1(
√
1− χ)
(253)
However we do not have the n = −1 term available, so we need to act with
an operator that annihilates P∆−1∆−1 . This is
L∆−1∆−1 = L∆−1 +
(∆− 1)2
1− x2 (254)
Now
L∆−1∆−1
(
1
1− x2
)∆−1
2
= (2− 2∆)
(
1
1− x2
)∆−1
2
(255)
L∆−1∆−1P
∆−1
2n+∆+1(x) = [(2n+∆+ 1)(2n+∆+ 2)−∆(∆− 1)]P∆−12n+∆+1(x)
= 4(n+ 1)(n+∆+
1
2
)P∆−12n+∆+1(x)
Putting this all together we have
aCFTn cn = −Nγ˜
23
πΓ(∆)
(−1)n(n + 1)Γ(n+∆+ 1)Γ(n+∆+ 3
2
)
[∆n(∆n − 3)−∆(∆− 3)]Γ(2n+∆+ 32)
(256)
where γ˜ is given by (13)
γ˜ = − λ
8Nπ2
Γ(∆)
Γ(∆− 1
2
)Γ(1
2
)
(257)
Again we find agreement with the general result (7).
C.1 Equations of motion
Let us now sum the analytic part of the 3-point function to derive the
equations of motion. From (14), (62), (63) the analytic part for the case
(∆,∆+ 1, 2) has the form
cn
1
(y1 − y2)2∆+2
[
z
z2 + (x− y2)2
]1−∆ Γ(−1
2
)Γ(2n+∆+ 21
2
)
Γ(n+ 3
2
)Γ(n +∆+ 1
2
)
F (n+∆+1,−n−1
2
,
3
2
, 1−χ)
(258)
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We will use that for −1 < x < 1
F (n+∆+1,−n− 1
2
,
3
2
, x2) =
(−1)n+∆Γ(n+ 3
2
)
2∆−1
√
πΓ(n+∆+ 1)
1
x(1− x2)∆−12
Q∆−12n+∆+1(x)
(259)
and the results from the cancellation of the non-analytic part
aCFTn cn[∆n(∆n−3)−∆(∆−3)] = λ
(−1)n(n + 1)Γ(n+∆+ 1)Γ(n+∆+ 3
2
)
Γ(∆− 1
2
)Γ(1
2
)π3Γ(2n+∆+ 3
2
)
.
(260)
The summation of the analytic part of the higher dimension operators that
we need for the equation of motion (160) is then (x =
√
1− χ)
λ
(y1 − y2)2∆+2
[
z
z2 + (x− y2)2
]1−∆ (−1)∆Γ(−1
2
)
2(∆−1)π4Γ(∆− 1
2
)
1
x(1− x2)∆−12
×
∞∑
n=0
(n+ 1)(n+∆+
1
2
)(2n+∆+
3
2
)Q∆−12n+∆+1(x) (261)
In order to sum this series we start with a known sum [23] valid for x > 1
∞∑
k=m
(±1)k(2k + 1)Qmk (x) = (∓2)mΓ(m+ 1)(x± 1)−
m
2 (x∓ 1)−m2 −1 (262)
To get the sum for 0 < x < 1 we need to use that for −1 < x < 1
Qnk(x) =
1
2
e−inpi(e−
inpi
2 Qnk(x+ iǫ) + e
inpi
2 Qnk(x− iǫ)) (263)
so that for 0 < x < 1 we get
∞∑
k=m
(±1)k(2k+1)Qmk (x) = (∓2)mΓ(m+1)(1± x)−
m
2 (1∓ x)−m2 1
x∓ 1 (264)
We thus get for 0 < x < 1
∞∑
n=0
(4n+ 2∆− 1)Q∆−12n+∆−1(x) = (−2)∆−1Γ(∆)(1− x2)−
∆−1
2
x
x2 − 1 (265)
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To get an expression like (261) we act on both sides of (265) with L∆−1∆−1 to
get
∞∑
n=0
(4n+2∆+3)(2n+2∆+1)(2n+2)Q∆−12n+∆+1(x) = 4(−2)∆−1Γ(∆+1)
x
(1− x2)∆+32
(266)
Putting everything together we get that (261) is just
λ
(y1 − y2)2∆+2
[
z
z2 + (x− y2)2
]1−∆
Γ(∆ + 1)
π3Γ(∆− 1
2
)Γ(1
2
)
1
χ∆+1
(267)
This is just
λΓ(∆ + 1)
π3Γ(∆− 1
2
)Γ(1
2
)
(
z
z2 + (x− y1)2
)∆+1(
z
z2 + (x− y2)2
)2
(268)
so we indeed have the expected bulk equation of motion.
D Scalar system relevant for gravity
In this subsection we treat the scalar system relevant for the scalar-gravity
interaction. As seen in section 9, the computation of a dimension ∆ primary
scalar operator uplifted into the bulk interacting with gravity is related to
a scalar system with operators of dimension ∆,∆+ 2, d. This is the system
we treat in this appendix, and since the criterion for locality we use is only
good for d ≥ 4, we study the cases d = 4, 5. What we will show is that
the coefficients aCFTn cn match the form in (7) and thus also the result from
the bulk computation of appendix A. This establishes that the sum of the
higher dimension operators appearing on the right hand side of the equation
of motion is just φ
(0)
j φ
(0)
k (x, z), and that the sum over the analytic part is
λ
N
Γ(∆ + 2)Γ(d)
πdΓ(∆ + 2− d
2
)Γ(d
2
)
(
z
(x− y1)2 + z2
)∆+2(
z
(x− y1)2 + z2
)d
(269)
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D.1 d = 4 case
As explained in appendix B, we are looking for coefficients aCFTn that obey
γ˜
Γ(∆ν − 1)
Γ(∆
(ν)
0 )Γ(∆ν −∆(ν)0 )
F (∆
(ν)
0 , 2 + ∆
(ν)
0 −∆ν , 2, 1− χ)
= − 1
N
∞∑
n=0
aCFTn c
jk
n
Γ(∆n − 1)
Γ(∆
(n)
0 )Γ(∆n −∆(n)0 )
F (∆
(n)
0 , 2 + ∆
(n)
0 −∆n, 2, 1− χ)
(270)
In the case at hand
∆ν = ∆, ∆
(ν)
0 = ∆− 1, ∆n = 2n +∆+ 6, ∆(n)0 = n+∆+ 2
γ˜ = − λ
N
Γ(∆ + 1)
2π4Γ(∆)
(271)
So we are looking to write γ˜F (∆− 1, 1, 2, 1− χ) as an infinite sum of F (k+
∆,−k, 2, 1− χ) with k ≥ 2.
Using some hypergeometric identities we get
F (∆− 1, 1, 2, 1− χ) = 1
∆− 2
(
1
(1− χ)χ∆−2 −
1
1− χ
)
(272)
On the other hand it is useful to write the higher dimension operator contri-
bution using Jacobi polynomials
F (k +∆,−k, 2, 1− χ) = (−1)
kΓ(k + 1)
Γ(k + 2)
P
(∆−2,1)
k (1− 2χ) (273)
So labeling 1− χ = y we see that we need coefficients αk satisfying
1
∆− 2
(
2∆−1
(1 + y)(1− y)∆−2 −
2
1 + y
)
=
∑
k
αkP
(∆−2,1)
k (y) (274)
Using the orthogonality condition for the Jacobi polynomials∫ 1
−1
P
(∆−2,1)
k (y)P
(∆−2,1)
l (y)(1− y)∆−2(1 + y) = δkl
2∆Γ(k +∆− 1)Γ(k + 2)
Γ(k + 1)Γ(k +∆)(2k +∆)
(275)
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and the integrals∫ 1
−1
(1− y)∆−2P (∆−2,1)k (y) = (−1)k2∆−1
Γ(k +∆− 1)
Γ(k +∆)∫ 1
−1
P
(∆−2,1)
k (y) = 2
Γ(k +∆− 1)
Γ(k +∆)
[
Γ(k +∆− 1)
Γ(k + 2)Γ(∆− 2) + (−1)
k
]
we find
αk =
Γ(k +∆− 1)Γ(k + 1)(2k +∆)
(Γ(k + 2))2Γ(∆− 1) (276)
So we can write
F (∆− 1, 1, 2, 1− χ) =
∞∑
k=0
(−1)kΓ(k +∆− 1)(2k +∆)
Γ(∆− 1)Γ(k + 2) F (k +∆,−k, 2, 1− χ)
(277)
We need however to find a formula without the k = 0, 1 terms which are
missing from the contribution of the available higher-dimension operators.
To do this we act on (277) with a differential operator that eliminates these
terms. The hypergeometric function solves the equation
[x(1− x) d
2
d2x
+ (c− (a + b+ 1)x) d
dx
− ab]F (a, b, c, x) = 0 (278)
Note that all the hypergeometric functions appearing in (277) have the same
values c = 2 and a + b+ 1 = ∆ + 1. We define (z = 1− χ)
L∆+1G,2 = z(1− z)
d2
d2z
+ (2− (∆ + 1)z) d
dz
(279)
The needed operator is then
L∆+1G,2 (L
∆+1
G,2 +∆+ 1) (280)
We now act with this operator on both side of (277). Writing k = n + 2 we
get the formal sum
F (∆− 1, 1, 2, 1− χ) =
∞∑
n=0
(−1)nΓ(n+∆+ 1)(2n+∆+ 4)
2Γ(n+ 4)Γ(∆ + 1)
(281)
×(n + 2)(n+ 3)(n+∆+ 2)(n+∆+ 3)F (n+∆+ 2,−n− 2, 2, 1− χ)
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We can now read off the coefficients that we want in equation (270).
aCFTn cn =
λ(−1)n
4π4Γ(∆)
Γ(n+∆+ 1)Γ(n+∆+ 4)Γ(n+ 3)
Γ(n+ 1)Γ(2n+∆+ 4)
(282)
After a bit of algebra this exactly matches the result (7).
D.2 d = 5 case
We start with a scalar 3-point function of dimensions (∆,∆ + 2, 5). The
discontinuity given by (23) is
γ˜d=5∆,∆+2,5
1
(y1 − y2)2∆+4
[
z
z2 + (x− y2)2
](3−∆)
1
(1− χ) 32
1
Γ(3
2
)Γ(−1
2
)
1
χ∆−3
(283)
The discontinuity coming from higher-dimension operators of dimension ∆n =
2n+∆+ 7 is
cn
(1− χ) 32
Γ(2n+∆+ 51
2
)
Γ(n+∆+ 2)Γ(n+ 5)Γ(−1
2
)
F (n+∆+
1
2
,−n−4,−1
2
, 1−χ) (284)
We can use the representation of the hypergeometric function in terms of
Jacobi polynomials P
(α,β)
k to write
F (n+∆+
1
2
,−n− 4,−1
2
, 1− χ) = (−1)nΓ(n + 5)Γ(−
1
2
)
Γ(n+ 31
2
)
P
(∆−3,− 3
2
)
n+4 (1− 2χ).
(285)
The discontinuity from the higher-dimension operators is then
(−1)n cn
(1− χ) 32
Γ(2n+∆+ 51
2
)
Γ(n+∆+ 2)Γ(n+ 31
2
)
P
(∆−3,− 3
2
)
n+4 (1− 2χ) (286)
Apparently we need to find a formula to write
1
χ∆−3
=
∑
k
αkP
(∆−3,− 3
2
)
k (1− 2χ) (287)
In a more convenient form we label 1− 2χ = y and want to write
2∆−3
(1− y)∆−3 =
∑
k
αkP
(∆−3,− 3
2
)
k (y) (288)
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To find the αk we use orthogonality of the Jacobi polynomials P
α,β
n∫ 1
−1
dxP
(∆−3,− 3
2
)
n (x)P
(∆−3,− 3
2
)
k (x)(1− x)∆−3(1 + x)−
3
2 =
δnk
Γ(n+∆− 2)Γ(n− 1
2
)2(∆−3
1
2
)
Γ(n+ 1)Γ(n+∆− 31
2
)(2n+∆− 31
2
)
(289)
and the integral∫ 1
−1
dx(x+1)σ(1−x)β−1P (ρ,σ)n (x) = 2β+σ
Γ(ρ− β + 1 + n)
Γ(n + 1)Γ(ρ− β + 1)B(β, σ+n+1)
(290)
One gets
αk =
Γ(k +∆− 3)Γ(k +∆− 31
2
)(2k +∆− 31
2
)
Γ(k +∆− 2)Γ(k + 1
2
)Γ(∆− 3) (291)
However we do not have from the higher dimension operators the first four
Jacobi polynomials with 0 ≤ k ≤ 3. We can get an equation of the sort we
want with the usual trick of acting on both sides of (287) with an operator
of which all terms are eigenfunctions. Note that
1
χ∆−3
= F (∆− 3,−1
2
,−1
2
, 1− χ) (292)
and as noted above the higher dimension operators contribute
F (n+∆+
1
2
,−n− 4,−1
2
, 1− χ) (293)
So all terms are of the form F (a, b, c, x) with the same c = −1
2
and the same
a+ b+ 1 = ∆− 5
2
. Since the hypergeometric function solves the equation
[x(1− x) d
2
d2x
+ (c− (a + b+ 1)x) d
dx
− ab]F (a, b, c, x) = 0 (294)
we see that we can define our needed operator
L
∆−2 1
2
G,− 1
2
= x(1 − x) d
2
d2x
+ (−1
2
− (∆− 5
2
)x)
d
dx
(295)
To eliminate the first four terms we need to act with (converting the Jacobi
polynomials back to hypergeometric functions and labeling by x the argument
of the hypergeometric function)
L
∆−2 1
2
G,− 1
2
[L
∆−2 1
2
G,− 1
2
+ (∆− 21
2
)][L
∆−2 1
2
G,− 1
2
+ 2(∆− 3
2
)][L
∆−2 1
2
G,− 1
2
+ 3(∆− 1
2
)] (296)
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We act on (287) with this operator. On the left we get a multiplicative factor
−15
16
Γ(∆+1)
Γ(∆−3) . On the right we eliminate the first four terms and each other term
gets multiplied by
Γ(∆+k+ 1
2
)Γ(k+1)
Γ(∆+k− 7
2
)Γ(k−3) . Thus formally we get the desired formula
1
χ∆−3
=
∞∑
n=0
αnP
(∆−3,− 3
2
)
n+4 (1− 2χ) (297)
αn = − 16
15Γ(∆ + 1)
Γ(n+∆+ 1)Γ(n+ 5)Γ(n+∆+ 41
2
)
Γ(n+∆+ 2)Γ(n+ 1)Γ(n+ 41
2
)
(298)
Using from (13)
γ˜d=5∆,∆+2,5 = −
λ
N
1
4π5
Γ(3
2
)Γ(7
2
)Γ(∆ + 1)
Γ(∆− 1
2
)Γ(5
2
)
(299)
we arrive at an expression for the coefficient
aCFTn cn =
λ(−1)n
π5Γ(∆− 1
2
)Γ(5
2
)
Γ(n+ 5)Γ(n+∆+ 41
2
)Γ(n+∆+ 2)
Γ(n + 1)Γ(2n+∆+ 41
2
)
1
(2n+ 2∆+ 2)(2n+ 7)
(300)
which exactly agrees with the general result (7).
E Metric - Weyl correlator
Here we derive equation (193). We start with the expression for the 〈TµνTαβ〉
correlator in appendix A of [26]. From all the terms appearing in this ex-
pression the only one that will contribute to a 〈TµνCαβγδ〉 correlator with
α, β, γ, δ all distinct is
〈Tµν(x)Tαβ(y)〉 = CT
8(d− 2)2d(d+ 1)(∇
2)2(ηµαηνβ + ηµβηνα)
1
(x− y)2d−4 + · · ·
(301)
To compute CT we use results from [24]. For a canonical normalization of
the fluctuations of the metric (that is, the original fluctuations are multiplied
by κ) as used in [24], one gets
CT =
2d(d+ 1)Γ(d)
π
d
2 (d− 1)Γ(d
2
)
(302)
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Putting this in (301) one gets
〈Tµν(x)Tαβ(y)〉 = dΓ(d)
π
d
2Γ(d
2
)
(ηµαηνβ + ηµβηνα)
1
(x− y)2d + · · · (303)
Now z2Tµν smears like a scalar of dimension d, but we need to take into ac-
count the normalization factor 1
2∆−d =
1
d
, so overall we find that the relevant
term for a bulk-boundary correlator is
〈z2h(0)µν (x, z)Tαβ(y)〉 =
Γ(d)
π
d
2Γ(d
2
)
(ηµαηνβ + ηµβηνα)
(
z
(x− y)2 + z2
)d
+ · · ·
(304)
Thus we arrive at
〈z2h(0)µν (x, z)Cαβγδ(y2)〉 =
Γ(d)
π
d
2Γ(d
2
)
[(ηµβηνδ + ηνβηµδ)∂
y2
α ∂
y2
γ − (γ ↔ δ)−
(β ↔ α) + (γ ↔ δ β ↔ α)]
(
z
(x− y2)2 + z2
)d
(305)
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